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Áóäåò ïðèâåäåíà êîíñòðóêöèÿ ïðåääóàëüíîãî ïðîñòðàíñòâà Fp,q äëÿ ïðîñòðàí-
ñòâà Mp,q ìóëüòèïëèêàòîðîâ ïàðû (Lp, Lq) ïðîñòðàíñòâ Ëåáåãà íà Rm, îïèñàí-
íàÿ â äðóãèõ òåðìèíàõ â ñðàâíåíèè ñ ïðåääóàëüíûì ïðîñòðàíñòâîì Ap,q À.Fig�a-
Talamanca è G. I.Gaudry (1967). Áóäåò îáñóæäàòüñÿ ïðèìåíåíèå ïðîñòðàíñòâ Fp,q
â çàäà÷å Ñòå÷êèíà î ïðèáëèæåíèè îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ ëèíåéíûìè
îãðàíè÷åííûìè îïåðàòîðàìè â ïðîñòðàíñòâàõ Ëåáåãà Lγ , 1 ≤ γ ≤ ∞, íà ÷èñëîâîé
îñè.
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A construction of the predual space Fp,q will be given for the space Mp,q of
multipliers of the pair (Lp, Lq) of Lebesgue spaces on Rm described in other terms
in comparison with the predual space Ap,q of A.Figa-Talamanca and G.I.Gaudry
(1967). We will discuss the application of the spaces Fp,q in Stechkin's problem on
the best approximation of di�erentiation operators by bounded linear operators in
the Lebesgue spaces Lγ , 1 ≤ γ ≤ ∞, on the real axis.
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Îñíîâíûå îáîçíà÷åíèÿ

Ïóñòü Rm, m ≥ 1, åñòü m-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî ñî ñêàëÿðíûì

ïðîèçâåäåíèåì tη =
m∑
j=1

tjηj òî÷åê t = (t1, t2, . . . , tm), η = (η1, η2, . . . , ηm)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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∈ Rm è íîðìîé |t| =
√
tt. Íèæå èñïîëüçóþòñÿ ñòàíäàðòíûå îáîçíà÷åíèÿ

êëàññè÷åñêèõ ôóíêöèîíàëüíûõ êîìïëåêñíûõ ïðîñòðàíñòâ: Lγ = Lγ(Rm),
1 ≤ γ < ∞, � ïðîñòðàíñòâî Ëåáåãà èçìåðèìûõ íà Rm ôóíêöèé x, ó êî-
òîðûõ |x|γ ñóììèðóåì íà Rm; L∞ = L∞(Rm) � ïðîñòðàíñòâî èçìåðèìûõ
ñóùåñòâåííî îãðàíè÷åííûõ ôóíêöèé íà Rm, C = C(Rm) � ïðîñòðàíñòâî
íåïðåðûâíûõ îãðàíè÷åííûõ ôóíêöèé íà Rm, è C0 = C0(Rm) � ïîäïðî-
ñòðàíñòâî ôóíêöèé èç C, èìåþùèõ íóëåâîé ïðåäåë íà áåñêîíå÷íîñòè.

Ïóñòü äàëåå S åñòü ïðîñòðàíñòâî áûñòðî óáûâàþùèõ áåñêîíå÷íî äèô-
ôåðåíöèðóåìûõ ôóíêöèé íà Rm, à S ′ � ñîîòâåòñòâóþùåå äâîéñòâåííîå
ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé. Çíà÷åíèå ôóíêöèîíàëà θ ∈ S ′ íà
ýëåìåíòå x ∈ S áóäåì îáîçíà÷àòü ÷åðåç ⟨θ, x⟩. Ïðîñòðàíñòâî S ′ ñîäåðæèò
ìíîæåñòâî L = L(Rm) ôóíêöèé x, èçìåðèìûõ, ëîêàëüíî ñóììèðóåìûõ
íà Rm è óäîâëåòâîðÿþùèõ óñëîâèþ

�
(1 + |t|)d|x(t)|dt <∞ ñ íåêîòîðûì

d = d(x) ∈ R; çäåñü è íèæå â èíòåãðàëàõ ïî Rm ìíîæåñòâî èíòåãðèðîâà-
íèÿ íå óêàçûâàåòñÿ. Ôóíêöèè x ∈ L ñîïîñòàâëÿåòñÿ ôóíêöèîíàë x ∈ S ′

ïî ôîðìóëå ⟨x, ϕ⟩ =
�
x(t)ϕ(t)dt, ϕ ∈ S.

Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèé (ïî êðàéíåé ìåðå, èç ïðîñòðàíñò-
âà L = L1(Rm)) îïðåäåëèì ôîðìóëîé x̂ (t) =

�
e−2πtηix(η) dη; îáðàòíîå

ïðåîáðàçîâàíèå Ôóðüå áóäåì îáîçíà÷àòü ñèìâîëîì x̌ . Ïðåîáðàçîâàíèå
Ôóðüå θ̂ ôóíêöèîíàëà θ ∈ S ′ åñòü ôóíêöèîíàë θ̂ ∈ S ′, äåéñòâóþùèé ïî
ôîðìóëå ⟨θ̂, x⟩ = ⟨θ, x̂⟩, x ∈ S.

Ñîïðÿæåííîñòü ïðîñòðàíñòâà èíâàðèàíòíûõ îïåðàòî-

ðîâ

Äëÿ 1 ≤ p, q ≤ ∞ îáîçíà÷èì ÷åðåç Tp,q = Tp,q(Rm) ìíîæåñòâî ëèíåéíûõ
îãðàíè÷åííûõ îïåðàòîðîâ èç Lp = Lp(Rm) â Lq = Lq(Rm), èíâàðèàíòíûõ
îòíîñèòåëüíî (ëþáîãî) ñäâèãà. Ñâîéñòâàì èíâàðèàíòíûõ îãðàíè÷åííûõ
îïåðàòîðîâ ïîñâÿùåíû îáøèðíûå èññëåäîâàíèÿ (ñì. [1�3] è ïðèâåäåííóþ
òàì áèáëèîãðàôèþ). Òàê èçâåñòíî, ÷òî åñëè p > q, òî [1, òåîðåìà 1.1]
ïðè p < ∞ ìíîæåñòâî Tp,q ñîñòîèò ëèøü èç îïåðàòîðà T ≡ 0, à ïðè
p = ∞ ñóæåíèå îïåðàòîðà T ∈ T∞,q íà ìíîæåñòâî (L∞)0 ôóíêöèé èç
L∞, èìåþùèõ íóëåâîé ïðåäåë íà áåñêîíå÷íîñòè, åñòü íóëåâîé îïåðàòîð.
Â ñâÿçè ñ ýòèì íèæå áóäåò ïðåäïîëàãàòüñÿ, ÷òî 1 ≤ p ≤ q ≤ ∞.

A.Fig�a-Talamanca è G. I.Gaudry (1967) â ñîâìåñòíîé ðàáîòå [4] äîêà-
çàëè, ÷òî ïðè 1 ≤ p ≤ q <∞ ïðîñòðàíñòâî Tp,q(G) ëèíåéíûõ îãðàíè÷åí-
íûõ îïåðàòîðîâ èç Lp(G) â Lq(G) íà ëîêàëüíî êîìïàêòíîé àáåëåâîé ãðóï-
ïå G, èíâàðèàíòíûõ îòíîñèòåëüíî ñäâèãà (òî÷íåå, îïåðàöèè ãðóïïû), ÿâ-
ëÿåòñÿ ñîïðÿæåííûì ïðîñòðàíñòâîì äëÿ êîíñòðóêòèâíî îïèñàííîãî èìè
ôóíêöèîíàëüíîãî ïðîñòðàíñòâà Ap,q = Ap,q(G). Òî÷íåå, â [5] è [4] áûëè
ïîñòðîåíû ôóíêöèîíàëüíûå ïðîñòðàíñòâà Ap,q = Ap,q(G) òàêèå, ÷òî ïðî-
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ñòðàíñòâî Tp,q(G) èíâàðèàíòíûõ îïåðàòîðîâ èçîìåòðè÷åñêè èçîìîðôíî
äâîéñòâåííîìó ïðîñòðàíñòâó A∗

p,q äëÿ ïðîñòðàíñòâà Ap,q = Ap,q(G) ôóíê-
öèé íà G, ÿâëÿþùèõñÿ ñóììàìè ôóíêöèîíàëüíûõ ðÿäîâ

h =
∞∑
ν=1

fν ∗ gν : fν ∈ C00, gν ∈ C00;
∞∑
ν=1

∥fν∥Lp
∥gν∥Lq′ <∞, (1)

ãäå C00 = C00(G) åñòü ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé ñ êîìïàêò-
íûì íîñèòåëåì íà G. Íîðìà ýëåìåíòà (ôóíêöèè) h ∈ Ap,q îïðåäåëÿåòñÿ
ôîðìóëîé

∥h∥Ap,q
= inf

{ ∞∑
ν=1

∥fν∥Lp
∥gν∥Lq′ , h =

∞∑
ν=1

fν ∗ gν
}
;

çäåñü íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì ïðåäñòàâëåíèÿì (1) ôóíêöèè h.
Èìååò ìåñòî âëîæåíèå Ap,q(G) ⊂ Lr(G), 1/r = 1/p − 1/q. Èçîìîð-
ôèçì ìåæäó ïðîñòðàíñòâàìè Tp,q(G) è A∗

p,q îñóùåñòâëÿåòñÿ ïî ñëå-
äóþùåìó ïðàâèëó: ýëåìåíòó T ∈ Tp,q(G) ñîïîñòàâëÿåòñÿ ôóíêöèîíàë

φT (h) =
∞∑
ν=1

(Tfν ∗ gν)(0), h ∈ Ap,q. Äâóìÿ ãîäàìè ðàíåå (1965) À. Ôèãà-

Òàëàìàíêà [5] ïîëó÷èë ïîäîáíûé ðåçóëüòàò äëÿ ñëó÷àÿ 1 < q = p <∞.
Îòíîñèòåëüíî ïàðû ëèíåéíûõ íîðìèðîâàííûõ ïðîñòðàíñòâ X, Y ñî

ñâîéñòâîì, ÷òî Y ÿâëÿåòñÿ ñîïðÿæåííûì äëÿ X, ò. å. X∗ = Y, ãîâîðÿò
òàêæå, ÷òî ïðîñòðàíñòâîX ÿâëÿåòñÿ ïðåääóàëüíûì äëÿ Y. Â ýòîé òåðìè-
íîëîãèè ïðîñòðàíñòâî Ap,q(G) ÿâëÿåòñÿ ïðåääóàëüíûì äëÿ ïðîñòðàíñòâà
Tp,q(G).

Ðåçóëüòàòû ðàáîò [5] è [4] ñïðàâåäëèâû, â ÷àñòíîñòè, äëÿ ïðîñòðàíñòâ
Tp,q(Rm) ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ èç ïðîñòðàíñòâà Lp(Rm) â
ïðîñòðàíñòâî Lq(Rm), èíâàðèàíòíûõ îòíîñèòåëüíî ãðóïïû ñäâèãîâ.

Ïðîñòðàíñòâî (p, q)-ìóëüòèïëèêàòîðîâ è åìó ïðåäó-

àëüíîå ïðîñòðàíñòâî Fp,q

Èçâåñòíî (ñì. [1, òåîðåìà 1.2] èëè [3, ãë. I, òåîðåìà 3.16]), ÷òî åñëè q ≥ p,
òî íà S îïåðàòîð T ∈ Tp,q èìååò âèä ñâåðòêè Tx = θ ∗x, x ∈ S, ñ ýëåìåí-
òîì θ = θT ∈ S ′. ÌíîæåñòâîMp,q = {θT : T ∈ Tp,q} ⊂ S ′ ÿâëÿåòñÿ áàíàõî-
âûì ïðîñòðàíñòâîì îòíîñèòåëüíî íîðìû ∥θT∥Mp,q

= ∥T∥Lp→Lq
. Ýëåìåíòû

θ ∈Mp,q, 1 ≤ p ≤ q ≤ ∞, íàçûâàþò (p, q)-ìóëüòèïëèêàòîðàìè.
Êîíñòðóêòèâíîå îïèñàíèå ìóëüòèïëèêàòîðîâ èçâåñòíî ëèøü â îòäåëü-

íûõ ñëó÷àÿõ. Èçâåñòíà ñòðóêòóðà ïðîñòðàíñòâ M(2, 2) è M(p,∞) =
M(1, p′) (ñì., íàïðèìåð, [1, � 1.2], [3, ãë. 1, � 3]); à èìåííî, ñïðàâåäëèâû
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ðàâåíñòâà (âìåñòå ñ ðàâåíñòâîì íîðì ýëåìåíòîâ)

M2,2 = L̂∞ = {θ̂ : θ ∈ L∞},

Mp,∞ =M1,p′ = Lp′ ïðè 1 ≤ p <∞,

M∞,∞ =M1,1 = V ;

çäåñü V = V (Rm) åñòü ïðîñòðàíñòâî (êîìïëåêñíûõ) îãðàíè÷åííûõ áîðå-
ëåâñêèõ ìåð íà Rm.

Ïðè 1 ≤ p ≤ q ≤ ∞ îïðåäåëèì íà ìíîæåñòâå S ôóíêöèîíàë

∥ϕ∥p,q = sup{|⟨θ, ϕ⟩| : θ ∈Mp,q, ∥θ∥Mp,q
≤ 1}, ϕ ∈ S. (2)

Ïðè âñåõ 1 ≤ p ≤ q ≤ ∞ ôóíêöèîíàë (2) íà ìíîæåñòâå S êîíå÷åí è
ÿâëÿåòñÿ íîðìîé.

Ïðè 1 ≤ p ≤ q ≤ ∞ îáîçíà÷èì ÷åðåç Fp,q = Fp,q(Rm) ïîïîëíåíèå
ïðîñòðàíñòâà S îòíîñèòåëüíî íîðìû (2). Ïðèâåäåì íåñêîëüêî ñâîéñòâ
ïðîñòðàíñòâ Fp,q äëÿ êîíêðåòíûõ çíà÷åíèé ïàðàìåòðîâ.

Ëåììà 1. Ïðîñòðàíñòâî Fp,q îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè.
1. Ïðè q = ∞ (p = 1)

F (p,∞) = F (1, p′) = Lp, 1 ≤ p <∞,

F (∞,∞) = F (1, 1) = C0.

2. Ïðè q = p = 2

F2,2 = Ľ = {f ∈ C0 : f̂ ∈ L}, ∥f∥F2,2
= ∥f̂ ∥L, f ∈ F2,2.

3. Ïóñòü q = p è p = max{p, p′}. Ïðîñòðàíñòâî Fp,p ïî p íå óáûâàåò,
à òî÷íåå, åñëè 2 ≤ p1 ≤ p2 ≤ ∞, òî

Fp1,p1 ⊂ Fp2,p2 è ∥f∥Fp2,p2
≤ ∥f∥Fp1,p1

, f ∈ Fp1,p1,

â ÷àñòíîñòè, ïðè âñåõ çíà÷åíèÿõ p, 1 ≤ p ≤ ∞,

Fp,p ⊂ C0 è ∥f∥Fp,p
≥ ∥f∥C0

, f ∈ Fp.p,

F2,2 ⊂ Fp,p è ∥f∥Fp,p
≤ ∥f∥F2,2

= ∥f̂ ∥L, f ∈ F2.2.

Îñíîâíûì â äàííîé ðàáîòå ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Äëÿ ëþáûõ 1 ≤ p ≤ q ≤ ∞ ïðîñòðàíñòâîMp,q ÿâëÿåòñÿ
ñîïðÿæåííûì äëÿ ïðîñòðàíñòâà Fp,q:

F ∗
p,q =Mp,q.
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Òåîðåìó 1 ìîæíî, â ÷àñòíîñòè, âîñïðèíèìàòü êàê åùå îäíî äîêàçà-
òåëüñòâî ñîïðÿæåííîñòè ïðîñòðàíñòâà Mp,q, 1 ≤ p ≤ q ≤ ∞.

Ñîãëàñíî ðåçóëüòàòàì ðàáîòû [4] è òåîðåìå 1 ïðîñòðàíñòâà Ap,q(Rm)
è Fp,q(Rm), ïî êðàéíåé ìåðå, ïðè 1 ≤ p ≤ q < ∞, èìåþò îäíî è òî
æå ñîïðÿæåííîå ïðîñòðàíñòâî Mp,q. Â îáùåì ñëó÷àå îòñþäà íå ñëåäóåò,
÷òî ýòè äâà ïðîñòðàíñòâà ñîâïàäàþò. Òåì íå ìåíåå, â äàííîé êîíêðåòíîé
ñèòóàöèè èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïðè âñåõ 1 ≤ p ≤ q < ∞ ïðîñòðàíñòâà Fp,q(Rm) è
Ap,q(Rm) ñîâïàäàþò:

Fp,q(Rm) = Ap,q(Rm).

Ïðè q = p êîíñòðóêöèÿ ïðîñòðàíñòâà Fp = Fp,p è äîêàçàòåëüñòâî
òåîðåì 1 è 2 áûëè äàíû â ðàáîòå àâòîðà [6]. Èññëåäîâàíèå îáùåãî ñëó÷àÿ
p ≤ q ïîòðåáîâàëî ïðèâëå÷åíèÿ äîïîëíèòåëüíûõ ñîîáðàæåíèé.

Ïðèìåíåíèå â çàäà÷å Ñòå÷êèíà î íàèëó÷øåì ïðèáëè-

æåíèè îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ

Ïóñòü p, q, r, s � ïàðàìåòðû, óäîâëåòâîðÿþùèå îãðàíè÷åíèÿì 1 ≤
p, q, r, s ≤ ∞. Äëÿ öåëîãî n ≥ 1 îïðåäåëèì ïðîñòðàíñòâî W n

r,p ôóíê-
öèé f ∈ Lr, êîòîðûå n − 1 ðàç íåïðåðûâíî äèôôåðåíöèðóåìû íà îñè,
ïðîèçâîäíàÿ f (n−1) ïîðÿäêà n − 1 ëîêàëüíî àáñîëþòíî íåïðåðûâíà, à
f (n) ∈ Lp. Â ïðîñòðàíñòâå W n

r,p âûäåëèì êëàññ

Qn
r,p = {f ∈ W n

r,p : ∥f (n)∥Lp
≤ 1}.

Îáîçíà÷èì ÷åðåç B(Lr, Ls) ìíîæåñòâî âñåõ ëèíåéíûõ îãðàíè÷åííûõ îïå-
ðàòîðîâ èç Lr â Ls, à ÷åðåç B(N ;Lr, Ls) ïðè N > 0 � ìíîæåñòâî îïåðà-
òîðîâ T ∈ B(Lr, Ls) ñ íîðìîé ∥T∥Lr→Ls

≤ N. Ïóñòü 0 ≤ k < n � öåëûå,
ïðè÷åì k > 0, åñëè r = s. Äëÿ îïåðàòîðà T ∈ B(Lr, Ls) ïîëîæèì

U(T ) = sup{∥f (k) − Tf∥Lq
: f ∈ Qn

r,p};

åñëè ðàçíîñòü f (k) − Tf íå ïðèíàäëåæèò ïðîñòðàíñòâó Lq, òî ñ÷èòàåì,
÷òî ∥f (k) − Tf∥Lq

= ∞. Ïðè N > 0 âåëè÷èíà

En,k(N) = En,k(N ; r, s; p, q) = inf{U(T ) : T ∈ B(N ;Lr, Ls)} (3)

åñòü íàèëó÷øåå ïðèáëèæåíèå (â ïðîñòðàíñòâå Lq) îïåðàòîðà äèôôåðåí-
öèðîâàíèÿDk íà êëàññåQn

r,p ìíîæåñòâîì ëèíåéíûõ îãðàíè÷åííûõ îïåðà-
òîðîâ B(N ;Lr, Ls). Çàäà÷à Ñòå÷êèíà ñîñòîèò â âû÷èñëåíèè âåëè÷èíû (3)
è ýêñòðåìàëüíîãî îïåðàòîðà, íà êîòîðîì â (3) äîñòèãàåòñÿ íèæíÿÿ ãðàíü;
ñì. [7] è îáçîð èññëåäîâàíèé â ýòîé çàäà÷å â [8].
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Ïóñòü K åñòü íàèëó÷øàÿ êîíñòàíòà â íåðàâåíñòâå

∥x(k)∥C ≤ K∥x∥αr,s∥x(n)∥1−αp,q , (4)

α =
n− k + 1/q − 1/p

n+ 1/q − 1/p+ 1/r − 1/s
, β = 1− α.

Òåîðåìà 3. Åñëè s ≥ r ≥ 1, q ≥ p > 1, ïðè÷åì s > r ïðè k = 0, òî
äëÿ ëþáîãî çíà÷åíèÿ N > 0 èìååò ìåñòî ðàâåíñòâî

En,k(N) = βαα/βK1/βN−α/β,

ãäå K � íàèìåíüøàÿ êîíñòàíòà â (4).

Îáñóäèì ñëó÷àé p = q = ∞, 1 ≤ s = r ≤ ∞, èññëåäîâàííûé â [9, 10].
Â ýòîì ñëó÷àå íåðàâåíñòâî (4) èìååò âèä

∥x(k)∥C ≤ Kn,k(r)∥x∥
n−k
n

L(r,r)

(
∥x(n)∥L∞

) k
n

. (5)

Ïðè s = r = ∞ ýòî åñòü êëàññè÷åñêèé âàðèàíò íåðàâåíñòâà ìåæäó ðàâíî-
ìåðíûìè íîðìàìè ïðîèçâîäíûõ, èçó÷åííûé À.Í.Êîëìîãîðîâûì. Â ñëó-
÷àå r = 2 íåðàâåíñòâî (5) ïðèíèìàåò âèä

∥x(k)∥C ≤ Kn,k(2)∥x̂∥
n−k
n

L

(
∥x(n)∥L∞

) k
n

. (6)

Äëÿ íàèëó÷øèõ êîíñòàíò â (5) è, â ÷àñòíîñòè, â (6) ñïðàâåäëèâî [9,10]
íåðàâåíñòâî Kn,k(r) ≤ Kn,k(∞), 1 ≤ r ≤ ∞. Äëÿ íå÷åòíûõ n ≥ 3 èìååò
ìåñòî ðàâåíñòâî Kn,k(r) = Kn,k(∞), 1 ≤ r ≤ ∞. Äëÿ ÷åòíûõ n ≥ 2 ýòî,
âîîáùå ãîâîðÿ, óæå íå òàê. Ïî êðàéíåé ìåðå, ïðè n = 2 (k = 1), r = 2
íåðàâåíñòâî ñòðîãîå [9]:

K2,1(2) =
π

2

(
4

π

∞∑
ℓ=0

1

(2ℓ+ 1)3

)−1/2

< K2,1(∞) =
√
2.
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