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The boundedness and compactness
of commutators singular integral operator
on generalized Morrey spaces

with variable exponent!
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We prove the boundedness and compactness of the commutators of the Calderén-
Zygmund singular operators in variable exponent generalized Morrey spaces in case
of unbounded sets @ C R™, where b € BMO(Q).
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JloKa3bIBAETCA OrPaHMYEHHOCTh W KOMIAKTHOCTH KOMMYTATOPOB CHHIYJISIPHBIX OIIe-
paropos Kanbaepona-3urmyna B npocrpancrsax Moppu € epeMeHHbIME ITOKA3aTe-
JIAMU B CJIy4Yae HeorpaHudeHHbIX MHOXKecTB ) C R™ rme b € BMO(Q).

Karouesvie cao6a: cunryssipabie orneparopbl KajibaepoHa-3urMyHia, KOMMYyTaTop,
06001erHOe pocTpancTBo Moppu, nmpocrpancrso BMO.

The classical Morrey spaces were originally introduced by Morrey in [1]
to study the local behavior of solutions to second order elliptic partial
differential equations. As it is known, last two decades there is an increasing
interest to the study of variable exponent spaces and operators with variable
parameters in such spaces, we refer for instance to the surveying papers [2,3],
on the progress in this field, including topics of Harmonic Analysis and
Operator Theory, see also references therein. For mapping properties of
maximal functions and singular integrals on Lebesgue spaces with variable
exponent we refer to [4-8].

Variable exponent Morrey spaces L£POA0)(Q), were introduced and
studied in [9] in the Euclidean setting and in [10] in the setting of metric
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measure spaces, in case of bounded sets. The boundedness of the maximal
operator in variable exponent Morrey spaces Ep(')”\(')(ﬂ) under the log-
condition on p(-), A(-) was proved in [9]. P. Hést6 in [11] used his new "local-
to-global"approach to extend the result of [9] on the maximal operator to the
case of the whole space R". The boundedness of the maximal operator and
the singular integral operator in variable exponent Morrey spaces £P()A0) in
the general setting of metric measure spaces was proved in [10].

Generalized Morrey spaces of such a kind in the case of constant p were
studied in [12,13]. In the case of bounded sets the boundedness of the maximal
operator, singular integral operators and the potential operator in generalized
variable exponent Morrey type spaces was proved in [14,15]. Also, in the case
of bounded sets the boundedness of these operators in generalized variable
exponent weighted Morrey spaces for the power weights was proved in [16-18].

We introduce the generalized variable exponent Morrey spaces /\/lp('>"P(Q)
over an open set ) C e. Within the frameworks of the spaces MP1)#(Q), over
unbounded sets 2 C R" we consider the Calderon-Zygmund type singular
operator

Tf(x)= [ K(x,y)f(y)dy,
/

where K (x,y) is a "standard singular kernel that is, a continuous function
defined on {(z,y) € Q x Q : x # y} and satisfying the estimates

|K(z,y)| < Cle —y|™ forall z#y,

K(ryy) — K, 2) < 0= 500, i [o—y| > 2ly -2,

[z = y[r+e
x—E&|° :
\K(a:,y)—K(ﬁ,yHSCW, c>0, if |z —y|l>2z—¢.

Let
T*f(x) = Sup ‘Taf(x)l

e>0

be the maximal singular operator, where 7. f(x) is the usual truncation

@)= [ Keorwdy
{yeQu|z—y|>e}
We find the condition on the Morrey function ¢(z, ) for the boundedness
of the commutators of the commutators of the Riesz potential and Calderon-

Zygmund singular operators in generalized Morrey space MPO)#(Q) with
variable p(z) under the log-condition on p(-). Also we prove the compactness
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of the commutators of the Riesz potential and Calderén-Zygmund singular
operators in variable exponent generalized Morrey spaces, where b &
VMO(Q).

We use the following notation: R™ is the n-dimensional Euclidean space,
2 C R™ is an open set, xg(z) is the characteristic function of a set £ C R™,
B(z,r)={y e R": |[z—y| <1}, B(z,r) = B(z,r)NQ, by ¢,C, c1, ¢s etc, we
denote various absolute positive constants, which may have different values
even in the same line.

We refer to the book [7] for variable exponent Lebesgue spaces but give
some basic definitions and facts. Let p(-) be a measurable function on €2 with
values in (1,00). An open set €2 which may be unbounded throughout the
whole paper. We mainly suppose that

1 <p_ <p(z) <ps < oo,

where p_ := ess ian p(x), pr = esssup p(z). By LPO(Q) we denote the
re reQ
space of all measurable functions f(z) on 2 such that

Ly(f) = \f(x)|p($)dx < 00.
/

Equipped with the norm

Hf”p(.) = inf {77 > 0: Ip(.) (%) < 1} ,

this is a Banach function space. By p/(-) = p&()le, x € ), we denote the
conjugate exponent.
The space LP1)(Q) coincides with the space

f(x) / FW)g)dy| < oo forall g€ 17O(Q)
Q

up to the equivalence of the norms

1o & sup / F@)9(y)dy

g <1
I ”LP() 0

see [19], or [20].
For the basics on variable exponent Lebesgue spaces we refer to [19].
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P(£2) is the set of bounded measurable functions p : 2 — [1, c0);
Plo9(Q) is the set of exponents p € P() satisfying the local log-condition

A 1
p(z) —pW)| < ——F——— -yl <5 zye

~ —In|x —y|’ 2
where A = A(p) > 0 does not depend on x, y;
P99((2) is the set of exponents p € P9(Q) with 1 < p_ < p, < o0;
for  which may be unbounded, by P, (), P%9(Q), Pl%9(Q2) we denote the

subsets of the above sets of exponents satisfying the decay condition (when
2 is unbounded)

where py, = lim p(z) > 1.
T—00

We will also make use of the estimate provided by the following lemma
(see |7], Corollary 4.5.9).

X5 (lpe) < Cr=r)z e, peP(Q),

]%,7”21.

Let A(z) be a measurable function on €2 with values in [0, n]. The variable
Morrey space LPO)A)(Q) is defined as the set of integrable functions f on €

with the finite norms

Tl
where 0,(z,r) = ¢ "\

@)
11l crorror ) = xesﬂl,l%ot "N X Bl @)

respectively.
Let M?* be the sharp maximal function defined by

r>0

V(@) = sup B )| [ 1(0) = Ty ldo
B(z,r)

where Sz, (@) = 1B [ fy)dy.
B(zx,t)

Definition 1. We define the BMO(S)) space as the set of all locally

integrable functions f with finite norm

e, r>0

Il = sup () = sup [Blar) ™ [ 1) = Tyl
xre
B(z,r)
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Definition 2. We define the BMO,.\(2) space as the set of all locally
integrable functions f with finite norm

||(f() - fé(x,r))xé(x,r)HLP(‘)(Q)

I fllBaeo,, = sup .
xeQ, r>0 ||XB(m,7") HLP(')(Q)

Theorem 1. [21] Let Q C R™ be an open unbounded set, p € P29(Q).
Then the norms || - ||pryo,., and || - |[[smo are mutually equivalent.

By VMO(R"), we denote the BM O-closure of the space C3°(R™), where
C°(R™) is the set of all functions from C§°(R") with compact support.

Everywhere in the sequel the functions ¢(z, 1), ¢1(x,r) and @o(x, ) used
in the body of the paper, are positive measurable functions on € x (0, c0).
We find it convenient to define the generalized weighted Morrey spaces in
the form as follows.

Definition 3. Let 1 < p(z) < oo, x € . The variable exponent
generalized Morrey space ./\/lp(')"f’(Q) i1s defined as the set of integrable
functions f on Q with the finite norms

1
rﬁp(x,r) HfHLp(')(é(xar))’

[ fllreere = sup
2eQr>0 (T, 1)

respectively. According to this definition, we recover the space £POAN)(Q)

: @)
under the choice p(z,r) = %" 750);

/:p(%A(-)(Q) — Mp(-),w(-)(Q) .
p(z T)ZT%(%’T)_;g;

Everywhere in the sequel we assume that

Tﬁp(x,r)

sup < 00

zeQ, r>0 90(337 T)

which makes the space MP()#()(Q) nontrivial.

The following theorem is valid.

Theorem 2. Let Q C R™ be an open unbounded set, p € P9(Q), b €
BMO(Q), the functions p1(x,r) and po(x, 1) satisfy the condition

e.¢]

[ (1415} pw0) < Cpatart) 1)

t

Then the operator [b, T| is bounded from the space /\/lp(')’@l(Q) to the space
MP#2(Q)),
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In the proof of Theorem , we need the following characterization that
a subset in MPUP(Q) is a strongly pre-compact set, which is in itself
interesting.

Theorem 3. Let Q) C R" be an open unbounded set, p € PY9(Q). Suppose
W is a subset in ./\/lp(')”"(ﬂ) satisfying the following conditions:

i) Norm boundedness uniformly is

sup HfHMpt),«:(Q) < Q.
few

i1) Translation continuity uniformly is
ylino /(- +y) - f(')HMp(-),cp(Q) =0 forany feW.
ii1) Uniformly convergence at infinity is

lim HfXB(O,V)HMP(-):v(Q) =0 forany feW,

Y—00
where W is a precompact set in ./\/lp(')’s"(ﬂ).
Now we obtain sufficient conditions for the commutator [b,7] to be a
compact operator on MPO)#1(Q).
Theorem 4. Let Q C R" be an open unbounded set, p € P9(Q), b €
VMO(Q), the functions ¢1 and @y satisfy the condition (1).

Then the operator [b, T is a compact from the space MPO#1(Q) to the
space MPU)#2(Q).
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