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Ïîêàçàíî, ÷òî ñãëàæèâàíèå ëîìàíîé, ïîñòðîåííîé íà çàäàííûõ çíà÷åíèÿõ íåïðå-
ðûâíîé ôóíêöèè ñ ïîìîùüþ ðàçðûâíîãî îïåðàòîðà Ñòåêëîâà äà¼ò ìåòîä ïîñòðî-
åíèÿ ïîëèíîìèàëüíûõ ñïëàéíîâ.
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Discontinuous Steklov operator and
polynomial splines1
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It is shown that smoothing a polyline constructed on the given values of a continuous
function using a discontinuous Steklov operator gives a method for constructing
polynomial splines.
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1. Ïóñòü f(x) ∈ C[0, 1] çàäàíà íàáîðîì å¼ çíà÷åíèé:

f̂ = f(xi)
n
0 , fi = f(xi), xi+1 = xi +

1

n
.

Ïîñòðîèì ïàðàáîëè÷åñêèé ñïëàéí, äàþùèé ðàâíîìåðíûå ïðèáëèæåíèÿ
ê f(x) íà [0, 1]. Ïðèìåíèì ñëåäóþùèé ìåòîä: ïîñòðîèì ëîìàíóþ Lnf̂ :

(Lnf̂)(xi) = fi, i = 0, . . . , n, à çàòåì ñãëàäèì ñ ïîìîùüþ ðàçðûâíîãî
îïåðàòîðà Ñòåêëîâà [1]:

SαLnf̂ =

{
Sα2Lnf̂ , x ∈ [0, 12 ]

Sα1Lnf̂ , x ∈ [12 , 1],
(1)

ãäå

Sα1 φ =
1

α

� x

x−α
φ(t)dt, Sα2 φ =

1

α

� x+α

x

φ(t)dt.

(Çàïèñü (1) îçíà÷àåò: êàê èìåííî îïðåäåëåíî çíà÷åíèå (SαLnf̂)(
1
2) - íåñó-

ùåñòâåííî).
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Ñ÷èòàåì, ÷òî òî÷êà ðàçðûâà x = 1
2 åñòü m−ûé óçåë xm è ïîëàãàåì

α = 1
n .

Òåîðåìà 1. Ôóíêöèÿ (SαLnf̂)(x) ïðè α = 1
n ïðåäñòàâëÿåò ñîáîé

ïàðàáîëè÷åñêèé ñïëàéí, ðàçðûâíûé â òî÷êå x = 1
2 è âû÷èñëÿåìûé ïî

ôîðìóëå
(SαLnf̂)(x) = Aix

2 +Bix+ Ci

Ai =
n2

2
(fi+2 − 2fi+1 + fi) (2)

Bi = n2[−fi+2xi + fi+1(xi + xi+1)− fixi+1]

Ci =
n2

2
(fi+2x

2
i + fix

2
i+1) + (

1

2
− n2xixi+1)fi+1,

åñëè x ∈ [xi, xi+1] ⊂ [0, 12 ] (i = 0, . . . ,m− 1).
Åñëè æå x ∈ [xi−1, xi] ⊂ [12 , 1] (i = m+1, . . . , n), òî Ai, Bi, Ci èìåþò

âèä (2) ñ çàìåíîé fi+2 íà fi−2, fi+1 íà fi−1, xi+1 íà xi−1.
Ïðè ýòîì

(SαLnf̂)(xi) =

{
1
2(fi + fi+1), xi ∈ [0, 12 ]
1
2(fi + fi−1), xi ∈ [12 , 1].

Äðóãîé âèä êîýôôèöèåíòîâ ñïëàéíà ïðèâåä¼í â [2].

Òåîðåìà 2 (ñëåäñòâèå èç òåîðåìû 1 â [2]).
Äëÿ ëþáîé f(x) ∈ C[0, 1] è α = 1

n âûïîëíÿåòñÿ ñõîäèìîñòü∥∥∥SαLnf̂ − f
∥∥∥
L∞[0,1]

→ 0 ïðè n→∞

ãäå
∥·∥L∞

= max
{
∥·∥C[0,1/2] , ∥·∥C[1/2,1]

}
.

Ïàðàáîëè÷åñêèé ñïëàéí èç òåîðåìû 1 îòëè÷àåòñÿ îò ñïëàéíîâ èç [3]
òåì, ÷òî îí íå ÿâëÿåòñÿ èíòåðïîëèðóþùèì, âû÷èñëÿåòñÿ ïî ãîòîâûì
ôîðìóëàì è äà¼ò ðàâíîìåðíóþ ñõîäèìîñòü ê ëþáîé íåïðåðûâíîé ôóíê-
öèè, íå òðåáóÿ êðàåâûõ óñëîâèé è îãðàíè÷åíèé íà ñåòêó.

Åñëè âìåñòî îïåðàòîðà Sα â (1) ìû ðàññìîòðèì îïåðàòîð Sm
α , êîòîðûé

ïîëó÷àåòñÿ çàìåíîé â ïðàâîé ÷àñòè (1) îïåðàòîðîâ Sαi, i = 1, 2, íà èõ
m−ûå ñòåïåíè Sm

αi, òî ïîëó÷èì ïîëèíîìèàëüíûé ñïëàéí ñòåïåíè m +
1 , àíàëîãè÷íûé ïàðàáîëè÷åñêîìó è äëÿ íåãî ñïðàâåäëèâà òåîðåìà 2 ñ
çàìåíîé Sα íà Sm

α .

2. Ïóñòü âìåñòî f̂ íàì èçâåñòåí íàáîð f̂δ :
∥∥∥f̂δ − f̂∥∥∥

En+1

≤ δ, ãäå En+1−
åâêëèäîâî ïðîñòðàíñòâî ñ íîðìîé
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∥∥∥f̂∥∥∥
En+1

=

(
n∑
0

f 2i

) 1
2

ëèáî ñ íîðìîé ∥∥∥f̂∥∥∥
En+1

= max
i
|fi|

Òåîðåìà 3. Äëÿ ñïëàéíà SαLnf̂δ ïðè α = 1
n ñïðàâåäëèâà îöåíêà:∥∥∥SαLnf̂δ − f(x)

∥∥∥
L∞
≤ δ + 2ω(

1

n
),

ãäå ω( 1n)−ìîäóëü íåïðåðûâíîñòè ôóíêöèè f(x) íà [0, 1].

Ñëåäñòâèå. Äëÿ ëþáîé f(x) ∈ C[0, 1] è α = 1
n âûïîëíÿåòñÿ ñõîäèìîñòü∥∥∥SαLnf̂δ − f(x)

∥∥∥
L∞
→ 0 ïðè δ → 0, n→∞. (3)

Åñëè â En+1 âûáðàíà ìåòðèêà èíàÿ, ÷åì óêàçàííûå âûøå, è òàêàÿ,
÷òî ñõîäèìîñòü (3) íå âûïîëíÿåòñÿ, òî ìû ïîïàäàåì â çîíó äåéñòâèÿ
íåêîððåêòíî ïîñòàâëåííûõ çàäà÷. Òîãäà, ïðèìåíÿÿ òåõíèêó ìåòîäîâ ðå-
ãóëÿðèçàöèè ([1]) äîáèâàåìñÿ ýòîé ñõîäèìîñòè çà ñ÷åò ñîãëàñîâàíèÿ n ñ
δ.

3. Ïóñòü f(x) ∈ Cm[0, 1], m ≥ 1. Äëÿ àïïðîêñèìàöèè f (m)(x) èñïîëü-
çóåì ïîëèíîìèàëüíûé ñïëàéí: ðàññìîòðèì îïåðàòîð DmSm

α Ln, ãäå Dm−
îïåðàòîð m−êðàòíîãî äèôôåðåíöèðîâàíèÿ.

Èç [4] èçâåñòíî, ÷òî äëÿ ëþáîé φ(x) ∈ C[0, 1]

DmSm
α φ =

{
∆m

α2φ, x ∈ [0, 12 ]

∆m
α1φ, x ∈ [12 , 1],

ãäå

∆m
α1φ =

1

αm

m∑
k=0

(−1)kCk
mφ(x− kα),

∆m
α2φ =

1

αm

m∑
k=0

(−1)kCk
mφ(x+ (m− k)α)

(ëåâîñòîðîííÿÿ è ïðàâîñòîðîííÿÿ ðàçíîñòíûå ôîðìóëû).
Èç òîãî, ÷òî (Lf̂)(xi) = fi è ñõîäèìîñòè∥∥∥DmSm

α f − f (m)(x)
∥∥∥
L∞
→ 0 ïðè α→ 0
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ñëåäóåò
Òåîðåìà 4. Ïðè α = 1

n äëÿ f(x) ∈ C
m[0, 1] âûïîëíÿåòñÿ ñõîäèìîñòü

|DmSm
α Lnf̂ − f (m)(x)|x=xi

→ 0 ïðè n→∞, i = 0, . . . , n.

Çàìå÷àíèå.Ìîæåò îêàçàòüñÿ, ÷òî â ôîðìóëàõ (2) Ai = 0. Ýòî áóäåò
ñëó÷àé, êîãäà ó ëîìàíîé Lnf̂ â òî÷êå xi+1 íå áóäåò èçëîìà. Òàêîé ñïëàéí
ìîæíî íàçâàòü ïàðàáîëè÷åñêèì ñ âûðîæäåíèåì.

Âûðîæäåíèå ìîæíî óñòðàíèòü: çíà÷åíèå fi+1 çàìåíèòü íà áëèçêîå
fi+1 + δ . Ýòî íå ïîâëèÿåò íà àïïðîêñèìàòèâíûå ñâîéñòâà ñïëàéíà ïî
òåîðåìå 3.
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