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NPEONCITOBUE

JlanHoe yueOHOoe mocobue MpeacTaBisieT cO00M Kypc JIEKLHH, KOTOpPbIE aBTOP
yuTaeT Ha  (aKyJbTeTe KOMIBIOTEPHBIX HayK M  MH(POPMAIMOHHBIX
TtexHosornd  CapaTOBCKOro rocyAapcTBeHHOro yHusepcurera. Copnep:xkaHue
Kypca  COCTaBWJIM JiBa pas3feila MAaTeMATHYECKOW JIOTMKU: HCUUCICHUS U
anroputmsl. [logbop MaTepuana JeKUM omnpenensuics 3agadyel pa3BUTUSA Y
CIyIIATeJIed HABBIKOB HCIOJIb30BAHMS METOJOB MATEMAaTHYECKOW JIOTWKU IS
MU3yYCHHS APYIMX MATEMATHYECKUX HayK. Tak, pa3BUThII B MAaTEeMaTUYECKOU
JIOTUKE, COBPEMEHHBIM aKCMOMATUYECKH METOJ CHayana OblUl MPUMEHEH IS
MIOCTPOEHUSI AKCHOMAaTUYECKOM CHCTEMbl B HMCUYUCIEHUM  BBICKA3bIBAaHUN U
VCUYWCIICHHH TMPEIUKATOB NEPBOrO IMOPSAAKA, 4 3aTeM JUIsl THOCTPOCHHUS TEOPUH
MIEpBOro MOPsJIKA, COJIepKaIEH HETOTHUYECKHUE aKCUOMBI, - apudmertuku [leano. B
paszene TEOpPUM aJIrOPUTMOB IPEACTABICHBl JBAa HANPABICHUS YTOYHEHUS
QIrOpuTMa M BBIYUCIMMOCTH — MAalIMHbBI ThIOPUHIA U YaCTUYHO PEKYPCUBHBIE
¢yakuu  C.Knuau. IlomydyeHHble TaMm pe3ynbTaThl HCITOJIB30BAIIUCH IS
U3y4eHUs  MNpoOJeM  MOJHOTHI, HENPOTUBOPEUMBOCTH U Pa3pelIuMOCTH
pacHIMpeHHON apuPpMeTHKH.

MHorue BaKHbIE TEOpPEMbl HE BOIUIM B MOCOOME H3-3a OTPaHUYCHHOCTU
o0beMa  Kypca, HampuMmep, J0Ka3aTelbCTBO  HKBUBAJIEHTHOCTH  Pa3HBIX
YTOYHECHUN TIOHATUS anroputMa u JAp. He craBuiack 3amava M3JI0KEHUS
WCUUCIICHUM  BBICHIMX MOPSJIKOB U  OOOOIIEHHBIX BBIUMCICHHUH, a TaKXKe
HEKJIACCUYECKUX  JIOTHK, YTO MOXET COCTaBUTh TMPEIAMET JaJbHEHIIEro
n3ydyeHus. M3  [OpunokeHud  BBIACIMM  KOHEYHBIE  ABTOMATHI, TEOPHUIO
dbopMaTbHBIX S3BIKOB, AJTOPUTMHUYECKYIO TEOpHUI0 HHGOpPMALUM, a TaKkKe
HEJICTEPMUHUPOBAHHBIC BBIYMCICHHUS Ha MallMHE [bIOPHUHTA, CBSI3aHHBIE C
BOIIPOCAMU CJIOKHOCTH BBIYHMCIICHUM.

O030p TPUIOKEHUH M PEKOMCHIAIMM IS JAJbHEHIIEr0 YTCHHS MOXHO
HAlTH B chucke Jjuteparypsl [6-11].



BBE/IEHHE

Jloruka Bo3HuKna B KyneType JpeBHen ['penuu. [lepBoe nomenmiee 10 Hac
COYMHEHHWE  T0 Jioruke - “AHamutuku’ Apucrorens (384-322rr. mo H.3.).
He3aBucumo pasBuBanach OynIMCTCKas JOTMKA, HO JIOCTOSIHUEM €BPONEHCKON
HAayKM OHA CTaJa CPaBHUTEIBHO HENABHO, ITIOATOMY HW3BECTHAs HaM JIOTMKA
“BpIIIA” W3 JJOTUKU ApHcToTens. MaremaThudecKkast JJOruKa OTJIMYAeTCs TEM, 4TO
MOJIB3YETCS SI3IKOM MaTEMAaTUYECKUX CUMBOJIOB. E€ OCHOBONOJIOKHUKAMH OBLIH:
JI.bynb (ucuucnenue BoickaszbiBanuil), I.@pere, ['.Ileano, b.Paccen. BeiaBunyras
B 20-e rogsl X1X Beka mporpamma [[.I'mnpbepra 0OOCHOBaHMSI MAaT€MATHKHU C
NOMOIIbIO JIOTUKM HIpHUBeJia K QopManu3aluu MaTemMaTHueckux teopuil. K
HACTOSAILEMY BPEMEHHU JOKa3aHa HEIIPOTUBOPEUYMBOCTD 3JIEMEHTAPHOU I€OMETPUH,
apu(MeTUKH, aHaau3a, aKCHOMaTHYECKON CUCTEMBbI TeOpUU MHOXeCTB Llepmero-
@penkend U T.0. HekoTopble BaKHbIE TEOPUU OKA3aJIUCh ITOJHBIMU: UCYUCIICHUE
BBICKA3bIBAHUN W HCUYUCIICHUE IIPEIUKATOB, JJIEMEHTapHas I'€OMETpPHs, TEOpUs
BEKTOPHBIX IPOCTPAHCTB U T.A. HO B Ipyrux Teopusax IMOIydEHbI NPEIJIOKECHUS,
KOTOPBIE HEJIb3s HU JOKa3aTh, HU OIIPOBEPTHYTh. TaK, B aKCMOMaTUYECKOU TEOPUHU
MHOkecTB Llepmeno-®penkens 370 akcuoMa BbIOOpa U KOHTUHYYM-TunoTe3a. Kak
cienyer u3 teopeMm l'enenss 0 HEMOJNHOTE, BCAKas JOCTATOYHO Oorarasi Teopus
HEO0OXOAMMO COACPKUT TaKUE MPEAJIOKEHUS.

B maremaTtudeckoil Jioruke OBLJIO JaHO TOYHOE OMNpEACICHUE alropuTMa M
BBIYMCIIMMOCTH. BBIIM MOTydYeHbl pa3perniaroniue aJlropuTMbl I psijia TEOpHUH,
HarpuMep, SJIEMEHTApPHOW TCOMETPHH, YIOPSAOYESHHOTO TOJS JACHCTBUTEIHHBIX
9yucell, aroMHOM OyneBod anreOpel u T.a1. Hepaspemumbl Teopun (T.e. HE
CYIIECTBYET €IWHOTO alTrOpuTMa [JIsl PEIICHHs BCEX 3a/ad) dJIeMEHTapHOU
apu(pMETUKH, MATEMAaTHYECKOTO aHallM3a, KJacca BCEX KOHEYHBIX CHUMMETPH-
YeCKUX Tpynn (Tpymm MepecTaHOBOK), aKCHUOMATHYECKUX  CHUCTEM  TEOPUU
MHOECTB.

B nocnegnue roapl 00iblIOE BHUMAHHUE YJIENSIETCS TEOPUM CIOKHOCTU
QITOPUTMOB M BbIYMCIIEHUH. OJIHOTO TOJBKO CYUIECTBOBAHMS aJNTOPUTMA,
pelIaImero Ty WiId WHYK MacCOBYIO MpoOseMy, NajeKko HE JOCTaTOYHO IS
npakTuku. [locne yToYHeHUs MOHSTHS CIOKHOCTH BBIYMCIICHUS CTad MCCIEHO-
BaTh BOIIPOCHI TAKOTO POJia, KAK BHYTPEHHSS CIOKHOCTH BBIYUCIUMON (DYHKIIUN
W Hauwjydllasg Tmporpamma, ee Bbrumcisiomas. OTBEeTHI Ha OTH  BOMPOCHI
coJiepKaTcs B TeopeMax bmoma 00 YCKOpPEHUH.



PASOEN1L. NCYHUCNEHMWA

Fnasa 1

WCUYNCINEHUE BbICKA3bIBAHUN

1.1. Anre6pa BbICKa3bIBaHHUIl

Copnepxanue 000 HAayKH COCTaBIISIIOT YTBEpXkKACHHS 00 OOBEKTax ee
npeaMeTHon obOsactu. Jloruka BhICKa3bIBaHUM aOCTparupyercss OT KOHKPETHOTO
COJICP)KAHUSl YTBEPKACHUM (BBICKA3bIBAHWIM) W HM3Yy4aeT CTPYKTYPY CIOXKHBIX
BBICKA3bIBAHUH U UX JJIOTUYECKUE CBSI3H.

Buickasvisanue ecmov nosecmeosamenibHoe npeoniodceHue, UCMUHHOE UL J10XHC-
Hoe. TlpuMeps! BeickasbiBanmid: “CHer Oenpiii” , “2>3”, “Ecnm upetr moXnb, TO s
O0epy 30HT” U T.[I.

N3yuath MaTeMaTHYECKYIO JOTUKY MblI OyJ€M C MOMOIIbI0 MaTeMaTHYECKUX
METOJIOB B HEKOTOPOM MeETasi3bIKe, KOTOPBIM OyJeM OTiInYaTh OT MPEAMETHOTO
S13bIKA U3Yy4aeMOM JIOTUKU. [IpeIMeTHBIN SA3bIK JIOTUKW BBICKA3bIBAHUM COCTOUT U3
andasurta u GopmyI:

Andpasut (1) P, Q, R, .. - nepeMeHHbIC IS NPOCTHIX BbICKA3bIBAHUIA
(mporno3uInoHaIbHBIC OYKBBI);

(2) &, v, >, &, <> - CUMBOIBI OIEpalMii HAJ BBICKA3BIBAHUSAMHU (JIOTHYECKHE
CBSI3KH);

(3) (,) - BcmomorareabHbIe CUMBOJIBI (CKOOKH).

® o p My & b, wWm CclIokHsle BbickaseBanus: (1) P, Q,R, .. -
MPOTO3UIIMOHATIBHBIC OYKBBI — AJIEMEHTapHBIC POPMYJIBI (ATOMBI);
(2) ecmu A, B - popmyne, To A&B, AvB, A—>B, A ©B, —A - dopmyisl.



B ompenenenun dopmyn HCIONB30BaHbl Mmemadykest A, B, T.e. cUMBOIBI, HE
OpHHAUIeKAIIHE TpeaMeTHoMY s3bIKy. [Ipumepsr popmyn: (P&Q), (R— (P v R)).
Iloogpopmyna - amo uacme gopmynvl, cama AIAOUAACA POPMYIOLL.

3anaB sI3bIK, MBI TIOCTPOMIIN POpMabHYIO cucTteMy. [IpencraBum Temeps ee
KaK COJEPXKATEIbHYIO aneeOpy 6biCKA3bl8aHull, ISl Yero MPUAAJAM CMBICI
cumBoiaM  andaButa U ¢opmynam. [IpomosurnmonansHbie  OyKBBI |
JIOTUYECKHUE ONEpalid ONpeAeuM Ha o0JacTh W3 JBYX anemeHToB {U, JI}:

PIQ |[P&Q [PvQ |-P |P>Q |P-Q
nin " 41 JI 41 41
N\ |J 141 JI JI JI
J | |J )41 41 41 JI
J[J | JI " " nu
3uauenue gopmynovr E[Py, ..., Py] npu oannou unmepnpemayuu exoosuux

6 Hee nponosuyuonanvuvix 0yxe (6xo0o8) v: {Pi, ..., Pn} = {WJI}

OTpeNIeIMM HMHAYKIHeH 1mo moctpoenuto dopmynsl:.. E=P: E[y] =y (P);
E=A&B: E[y]=(A&B)[{]1= A1 &B[]; E=-A: Ely]l=—Al];
E=AvB: E[y]=(AvB)[v]=Aly] v Bl
AHAJIOTHYHO I OCTAIbHBIX JIOTHYECKHX CBSI30K.

Hemunnocmuass mabauya ¢opmynst cocTaBieHa U3 CTPOK, 3aIaroliux
3HaYeHHs Bcex MmoadopMyn TaHHOH (BOpMYIIBI:
P&Q | (P&Q) VR |PvQ | —=(PvQ) |(P&Q)VR — —(PvQ)

== R R IEIEISIS| O
=R EIE=H SISO
HERS=S = =D
== === == S
ISR R R RS
H R RIS
S| === =] =]
SIS S === =]

TaBTonorus (obwesnauumasn gopmyna, ro2uveckuii 3akown) - gopmyna,
UCTMUHHASL NpU 8CEX UHMEPNPemayusax 6xo0auux 6 Hee HpPONnO3UYUOHANbHBIX
OyK6, IPYTUMH CJIIOBaMH, - CTOJIOCI] 3HAYEHUH KOTOPOU COJAEPIKUT OJJHU UCTUHHBIE
3Ha4YeHus (0003HAYAETCS 3HAKOM |=).

TEOPEMA 1 (Iloocmanosxa emecmo amomos). Ilycts dopmyna E[Py, . . . ,Py]
COJCPXKHUT TPOIMO3UIMOHHBIE OYKBBI Py, ... ,Ph, a dopmyra E*[Ag, ... . Aq]
MoJTydeHa OJHOBPEMEHHOW TMOJCTaHOBKOW dopmyn Ay, ...,A, BMECTO aTOMOB

Pi,...,Pn, coorBerctBenno. Torma eciu |= E, To |= E*. O6GparHoe HEBEpPHO.



Jloka3zaTenbcTBO NpPOBEAEM HHAYKUUEH MO mocTpoeHuto (opmynsl E:
Paccmorpum cayyait E = (A&B)[P4, . .. ,Py] . llycts |= (A&B)[P4, .. ,Pn], T.c.
(A&B) [Py, .. ,Pi][ Y] =M nmns Bcex unTepmperaiuii y. Torma mo ompeaeacHHIO
sHaueHus gopmyinsl: A[Py, .. ,P][y] =W wu B[Py, .. Pi][y] = WU nmna Bcex
uHtepnperanud  y. Otkyma |= A[Py, . .. Pl mw |=B[Py, . . . ,Pi] #©, 1o
WHAYKIIHOHHOMY JonymieHuto, |= A* [Ag, ... ,An] 1 |= B* [Ay, ... ,Ay] . Takum
obpazom, |= A* & B*, te. |=(A&B)*, cienoBarensho, |=E™*.

Ilpumep npumenenus meopemor I . UTOOBI TIPOBEPUTH, SABISACTCS JU (opMyIia
(P&—Q) &(R>P) >(P&—Q)” raBronorueii, KOCTATOYHO YOSAUTHCS B TOM, UTO
obme3naunma ¢opmyina E(P,Q) =P&Q — P. TloaTomMy B HCTUHHOCTHOM TaOJuIIE
Ha BXOJIbI MOXHO ITOMEIIaTh METaOYKBHI.

Ynpaoicnuenue
1) CpaBHuTe HCTUHHOCTHBIE TaOmuIpBl Gopmyn —PvQ u P2>Q.

2) byaer mu taBrosorucit popmyna (—PvQ)&(R—2>(P<Q))?
3) Haiinure TaBTONOTHM CpeIu CICAYIOMUX (HOpMYIT:
(P& —P)>(QvR>(R>—-P)); (P>—-P)~—=P; P->P.
4) BBIYMCIUB TOJBKO OJTHY CTPOKY TaOJIMIIBI HCTUHHOCTH, HalIuTe (HOpMYIIbI, HE
sBIsIOIIMECs TapTosiorusmMu:  a) PvQ—2>P&Q; 0) (P>Q)=>(Q—>P).
5) Haiigute ¢opmyiy, y KOTOpOH B CTONOIE 3HAYCHHH CTOUT TOJBKO JIOXKb.
6) CymecTByIOT JM Takue BbickasbiBanus A, B u C, yToObI /UII HUX OJHOBpE-
MEHHO BBITIOJHSUIACH CIICTIYIOIINE YCIOBHS: I HEKOTOPOW MHTEPIIPETAIINN Y
(A->B)vI=H; (BvON=JI; (B (A&-C))[y]=J.
7) Haiitu 3nauenune Gopmynsl (—B—A)[y], ecmu (AvB)[y]=U u (A—>B)[y]=H.
8) Haiitu ¢opmyasr F(A,B), yaoBIeTBOPSIOIINE YCIOBHIO:
a) |= ((-Av-B)&F) — (F > (A&B));
b) |= (A—B)vF)—>(F&(Bv-A));
¢) |= (F&B)— —A) - ((A—>—-B)—F)).
9) Haiitu dopmynsr F(A,B,C), ynosieTBopsiolye yCIOBHIO:
a) |= (A—>C)eF)((A&—B)—C);
b) |= (A>—F)->((A&B)—C));
¢) |= (FC)«>(AvB))«>((A&—-B)VC).
TEOPEMA 2 (Ocnosnvle masmonozuu).
la. |=A—>(B>A)
16. |=(A=>B)2>((A=>(B—>C))=>(A=>0))
2. FA>(B>A&B)
3a. |[FA&B-2>A

1 o
) JIJ'IH COKpalI€HUA KOJIMYECTBA CKOOOK JOTOBOPHUMCS O IPHUOPUTETE JIOTUYCCKHUX ONCpALIUU .

-} {&Vv} {—>©}



36. |=FA&B->B
4a. |=FA>AvB
46. |=-B>AvB
5. [F(A=>C)=>((B=>C)=>(AvB->C))
6. |=(A>C)2>((A>-C)> -A)
7. |F——A>A
8. |=F(A=>B)=>((B>A)>(A+<B))
9a. |=(A~B)>(A->B)
96. |=(A<>B)>(B>A)
10. |=(A=>(—=A->0C)
JloxkaszaTtenbcTBo. [Ipumensem Teopemy | u TaOIMIBI HCTUHHOCTH
dbopmyt.

Hpyeue masemonozuu:

1) |FAV-A (3axon uckmouénnoco mpemvezo)
2) |FA2A (3axon moowcoecmsa)
3) |=—(AvB) ~ ~A&-B (1-u 3axon oe Mopeana)
4) |=-(A&B) ~ -Av—B (2-u 3axon oe Mopeana)

5) [FA&A~A, [FAVA~A
6) |- A>B~—-AvB
7) |=(A<B) ~ (A>B)&(B>A)

8) [=F(A=>B) ~ (-B>-A) (3axon konmpanosuyuu)
9) |=FA&B ~ B&A (kommymamuernocms KOHBIOHKYULL)
10) |=FAv B ~Bv A (kommymamuenocmo OuzvIOHKYULL)

11) |= A&(B&C) ~ (A&B)&C (accoyuamusnocmo KonvionKyuu)
12)FAv(BvC) ~(AvB)WvC (accoyuamusnocmov ouzvionkyuu)
13) |FA & (B v C) ~ (A&B)v (A&C) (1-i 3axon oucmpubymusnocmu)
14) |= Av (B&C) ~ (Av B) & (AVC) (2-it 3axon oucmpubymusnocmu)
15) |FA&(AVB) ~ A,  |=FAv (A&B)~A (3axonvt noenowenust)
16) FAGU~A, |FA&IIMI, |FAVU~U, [FAVIISA, |FADU ~ U,
EADT ~—A, [FUDA ~A, FIIDA ~ U, [FAGH ~A, [FAGTT ~—A

17) |=FA->(B—>C) ~ A&B->C.

TEOPEMA 3. Eciu |=A u =A—> B, 10 |=B.

HoxkazarteasbctBoO.[llycth |=FAu|=A—>B u Py, ..., P, - Bce nepemenHsie,
BXoasmue B 3T (opMynbl. [lomycTUM NpPOTUBHOE, YTO TPU  HEKOTOPOU
uatepnperatmu Y {Py, ..., Pn} = {11,JI}, B[y] =JI Ilo ycnoBuio, ams Bcex
MHTEpIpETaluid, B 4acTHOCTH, Uit uHTeprperaun v, Aly] =W u (A -B)[y] =
W, 9T0 0JHAKO TPOTUBOPEUHT OIPENIEICHUIO OTIEPAIIUUd —>.

1
) CHMBOJI ~ €CTh <>



@opmynvt A u B Hazosem skeusanrenmuvimu, eciu |= A <> B.

TEOPEMA 4 (Oxeusanrenmnocmo ¢opmyn). Dopmyisl A u B SKBHUBaJCHTHBI
T.A T.T., korga A u B umeror ognHakoBblE HCTUHHOCTHBIE TaOJINIIBI.

JHoka3zaTenasbcTBo. g Bcex uHTEpnpeTaunid y NporoO3UIHOHAIBHBIX OYKB,

(A ©B)[y] =M Tt 1.1., xorma Aly] = B[y]. Otkyma caenyer yTBep)KacHUE
TEOPEMBL.

TEOPEMA 5(O 3amene). Ilycte dopmyna E[A] comepxut mondopmyny A.
@®opmyna E[B] ecth pe3ynpTar 3aMeHBI BBIICICHHOTO BXOXICHHS (GOpMYyIBI A
Ha popmyny B. Torma, ecimu |[=A ~ B, to |=E[A] ~ E[B].
Jloxka3aTenbCcTBO MPOBEAEM MHIYKIMEH MO MOCTpoeHuio ¢Gopmynsl A:!
a) E[A] = (X&Y)[A], b) E[A] = (XVY)[A], c¢) E[A] = —X[A]”. B
JOKa3aTeNbCTBE  WCIONB3YIOTCS ~ CBOWMCTBA  3KBHBAJICHTHOCTH (CM  ymp.).
Jloxkaxem ciydaii b):

[To muayknwonnomy nonymieHuto: |[=X[A] ~ X[B] u |=Y[A] ~ Y[B].

Otkyna mo cBoiictBy dkBuBajieHTHocTH:  [=X[A]VY[A] ~ X[B]VY[A] u
|=X[B]JvVY[A] ~ X[B]VY[B] u u3 cBoiicTBa TpaH3UTHBHOCTH:

|=X[A]JVY[A] ~ X[B]VvY[B], T.e. |=(XVY)[A] ~ (XVY)[B], u.T.1.

CJHEJACTBHUE. Eciu |=A~B wu |=E[A], To |=E[B].

Ipumep. Yupoctutb ¢dopmyiny ((PvS)<>—Q)& —S2>—=((S2>RvQ) vP):
((PvS)¢>—Q)&—-S>—((S>RvQ) VP) ~

((PvS—> —Q) &(—-Q—PVvS)&—S) > = (=Sv RvQvP) ~

= ((PvS— —=Q) &(-Q—>PvS)&—S) v —(—=Sv RvQvP) ~
—((=wPvS)v-=0Q)&(—QVPV S)&=S)Vv = (=Sv RvQvP) ~
(= PvS)v-Q Vv -(QVvPV ) v--"8)Vv(——-S&-R&-Q&-P)~
((PvS) & —Q) v (—Q&—P&-S) v——-SV(+—S&—-R&—-Q&—P)~
(P&Q) v (S&Q)v (- Q&—-P&-S) v S ~ (P&Q) v (-Q&—-P&-S) v S ~
(P&Q) v ((—Q v S)&(—Pv S)&(=Sv S)) ~ (P&Q) v (-Q&—P)v S.

Dopmyna Hazvleaemcs OpMynIoU ¢ MeCHLIMU OMPUYAHUAMU, eClU ONepayusl
— NPUMEHACMCs MOAbKO K AmMOMAM.
TEOPEMA 6. Ilycte E dopmyna ¢ TecHbBIMM OTpUIAHUSMHU, HE COAEp alias
OpYrux omnepamud, Kpome —, &, v. Dopmyia E* ecth pe3yabTar 3aMEHbl B
E (Ha Bcex Mecrax)  KOHBIOHKIMM Ha JAU3BIOHKIUIO, JAUZBIOHKIMU Ha
KOHBIOHKITUIO M KaXKJOW MPOMO3UIIMOHAIBHONW OYyKBBI Ha ee oTpuilaHue. Torma
|= —E ~ E*.

1)

BBungy nonHOTHl cucteMbl (yHKimid {—, &V} AOCTATOYHO OrPaHUYHUTHCS TOJBKO HMH
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JloxazaTenabCTBO TEOPEMBI TPOBEAEM HHIYKIMEH IO MOCTPOCHHIO (op-
mynbl E.  basuc unnyknuu: E=P : —E =—P wu, no onpenenenuto onepanuu ‘X’,
EX= —P, w.1.n. UHnyknuonnbii mar : a) E= A&B, b) E=AvVB, c) E=—A.

a) E=A&B: |= —E ~ —( A&B) ~(mo 3akony ne Moprana) —Av—B ~ (1o uHIyK-
LHOHHOMY JONyIIeHHI0 u Teopeme 5) A v BX ~ (1o ompenerneHuio ormepamuu
‘X’) (A&B)* = EX.

b) E=AVB: |= —E ~ =(AvB) ~(mo 3axony ae Moprana u Teopeme 5) —A&—B ~
(0 MHIYKIIMOHHOMY JONyIieHHIO u Teopeme 5) AX&B* ~ (mo ompenenenuio
onepauuu ‘X’) (AvB)* ~ E*.

¢) E=—A: torma A=P, —E = ——P=P u E*=P.

TEOPEMA 7 (IIpunyun osoticmeéennocmu). Ilycts Gopmynsl E, F Takoro xe
BUga, Kak B Teopeme 6. Dopmynet E', F', momyuennnie w3z EF
OJIHOBPEMEHHOM 3amMeHOM Bcrogy & Ha VvV U VvV Ha &, Ha3bIBaIOTCA
nBoiictBeHHbIMU K popmynam E, F, coorBercTBeHHO. MiMeroT MecTto ciepyromiue
YTBEPKICHUS:

a) Ecnu |=—=E, 1o |=E. b)Ecmu |=E, 0o | = FE"
©) Ecnn [=E~F, 10 [=E' ~ F'. d) Eemn [=E > F, 10 = F'-> E"
Jloka3zaTenabCTBO.

a):. |=—E (momyiienue)

|= —E ~ E* (Teopema 6)

= EX (cneacTBHE U3 TEOPEMBI 5)

= (B s (reopema 1);

= (EX)_p) "  (cumencrsue u3 Teopemsi 5),T.e. |= E'.
b): |= E (momyrieHme)

|= ——=E (cnencTBHUE Teopembl D)

|= —(—E) ~ —~(E*) (teopema 6 u Teopema 5)

= —(EX) (cneacTBHE U3 TEOPEMBI 5)

= (—(E)"» (reopema 1)

= (B (IO oTpEeIeTICHUIO OTICPALIHIH )

= (~(E")"_p)""p (cuencreue u3 Teopemsi 5)
== ((E)"_5) " (1o onpexnenennio omepauun), T.c. |= — E .

Hazoseem popmyny B nocuueckum creocmeuem gpopmyn Ar,Az,...,.An (ML)
(obosnauaemess A A;,...,An|=B), eciu 6 mabruye ucmunnocmu 6 cmpoxax,
20e @opmynvt  Ay,A;,...,An  (nocvliku) 00HOBPEMEHHO UCMUHHbBL, UCMUHHA
maxce u opmyna B (3axnrouenue).

TEOPEMA 8. a) A|=B 1.1, xorma |= A — B.

b) A, Az....An1,Am |= B T.u T.T., korma Ag,A,,...,.Amn1|= An—B (m>1).
CJIEJACTBMUE. ALA;. . An1,An |- B T T.T.,KOTHA

= Ai—(...(An1—>( An—B))...)
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Ynpaorxcnenue

1.

3.
b

JlokazaTh CIEAYIOIIHUE CBOMCTBA SKBUBAJICHTHBIX (HOPMYI:

a)|FA~A; ecmn |FA~B, 10 [FB~A; eciu FA~Bu |=B~C, 10 |=A~C.

b) ecim |=A~B, to |=AOC ~B6OC, |=COA ~ COB, rne 0 - nrobass OuHapHas

Jormueckas omeparwms, u |=—A ~ —B.

BBISICHUTB, CIIPaBeUIMBBI JIM CIICAYIOUINE YTBEPIKICHUS:

a) |=Av B Toraa u Tonpko Toraa, korma |=A u (wiu) |=B;

b) |=A& B Ttorma u Tonbko Toraa, korna |[=FAwu (wam) |=B;

¢) [=A— B Tornma u Tosbko Toraa, korna |=B;

d) ecru B,G|=F u |=B, to G|=F;

e) eciu G|=Fu G|==F, 10 |F=G;

) ecmm |=F, To mua mob6oit popmyner G Bepuo G |=F.

[TpuMensist TeopeMy 5 U H3BECTHBIE DKBUBAJIEHTHOCTH, YIPOCTUTH

OpPMYJIBI:

(A-B)&(AVB); (A—B)&(B— -A)&(C—A); —(-A&—-B)v((A—>B)&A);

=((A—>B)&(B—>-A)); (A&—C)v (A&C))&A&B)v (A&—B&C).

Pacmonioxxure ¢GopMyiibl B TOPSAIKE MX JIOTHYECKOTO CIICAOBAHUS:
(A—>B)VA; —(A—-B)&—-(B—A); —(AcB); —(A&B); —A&B.

MeTomoM OT MPOTHBHOTO MPOBEPHTE, BEPHBI JIM CICAYIOIIME OTHOIICHHS

JIOTUYECKOTO CJICJIOBAHHMS

a) F»G, K-> —H, Hv—G |=F— =K;

b) F» (-K—> M), (-H & L) > —-Q, Q—F |= (F&L) » —M.

Hatitu  ¢dopmyner  F(A,B), sBisompecs  JOTHYSCKUMH  CIICICTBUSAMHU

cienyro- mux GHopmyd:

a) -A—>C u —-B—>-C;

b) A>B, B>C u Av C;

¢) -Be>-C, Av(B&C) n —-A—C.

Haittu dopmynbl F, 3aBucsiye JIuIllb OT yKa3aHHBIX MPOMO3HIIMOHATBHBIX

OyKB, TakK, 4TOOBI BBIMOJHSIMCH CICAYIOIINE OTHOIICHUS JIOTHYECKOTO Clie-

JIOBaHUSI:

a) A— =B, F(A,C) = (A&C)VvB;

b) Av—C, B— (A&C), F(AB) |= —Bv—C;

c) A— B, F(AB,C) = A&—-C.

YcraHoBuTh, s Kakux G BepHo ortHomenue Fi, F,, F3 |= G; (i=1,..,10):
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1.2. lIpunoxkenuss ajaredpbl BbICKA3HIBAHUM
1.2.1. ®yukuu anredpsl BbICKa3bIBaHUU (OyneBbl (PYHKITNN)

Dyukyueu aneebpuvl 8vickazvieanutl (0ynesol @yHKyuel) Ha3bIBACTCS
n-mectHas omeparus Ha MHOxectBe {0,1}.
Andasurt (1) XY,...X1,X2,... - HPEAMETHBIC MEPEMECHHBIC;
(2) 1,9,...,f,F,... byHKIIMOHATIBEHBIE CHMBOJIBI.
Tepwm: (1) XY,....X1,X2,... - IPSAMETHBIC TEPEMEHHBIC SBJISIOTCS TEPMaMH,
(2) ecxm " -pyHKIMOHATBHEI CcUMBOI, ty,...,t, - TepMbr, To 7 (ty,...t,) - TepMm.
3nauenue mepma: (1) ecnm t- npeaMeTHas mepeMeHHas X, To 3Ht =1y (X);
2) ecnu t=F(ty,...tn), 10 3ut=F O GHty,..., 36 ).
Oyuryun £ (Xy,... X0 ) npedcmasuma mepmom t (Vy, ..., V), €CIIH
Vi, s Vil < XX} 1 t[y]=f@[y] mis Bcex uHTepuperammii
v {X1,... X} = {0,1}.

TEOPEMA. [Ins xaxzaoi dopmynsl A anreOpbl BBHICKa3bIBAHUN CYIIECTBYET
¢Gyuknus anreopbl BbickaspiBanuii T (A) takas, uto A~ A, < f(A) = f(A,).
Oynuxyus t ecmv cynepnosuyus gynxyuu fy, ..., f,, ecim f npencraBuma
TEPMOM, Bce (DYHKIIMOHAIbHBIC CHMBOJIBI KOTOpOTo coaepikarcs cpeau fq,...,T.

Cucmema ¢hynkyuti 9 Hazvieaemcsi nonuou, ecnu jrodas (yHKIUs anreOpsl
BBICKQ3bIBAaHUI MOXKET OBITH IIpEACTaBIICHA cyreprio3uiueid GyHkuid u3 ‘K.

HazoBem oanemenmapmnoii  konvroHKyueill  (Ouzvionkyueti) TPOU3BOIBHYIO
KOHBIOHKIUIO (AM3BIOHKIMIO), COCTaBJICHHYI0 W3 MPOINO3UIMOHAIBHBIX OYKB
WIM UX OTPULAHUH. [Ju3bloHKMUSHOU HOpMAanbHOU @opmoil (I.H.(.) Ha3BIBAIOT
JTU3BIOHKIIMIO DJIEMEHTAPHBIX KOHBIOHKIMH. CosepuleHHol  Ou3bHOHKMUBHOU
HopmanvHot — gopmoiu  (c.a.H.p.) Ha3bIBaeTCA IU3IBIOHKTHBHAS HOpPMAaJbHas
dopma, Kaxmas dJIeMEHTapHas KOHBIOHKIUS KOTOPOH COJICPKHUT BCE
MPOTIO3UIIMOHANIbHEIE  OYKBBI  (BO3MOKHO C  OTpPHUIIAHHWEM), BXOJAIIHAE B
bopmymy.
TEOPEMA. Bcskas wimoigHuMas (ompoBepxkumasi ) Gopmyia SKBUBaJIEHTHA

nojaxonasme c.1.H.¢. (c.K.H.Q.).
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Jloxka3zaTenabCTBO TEOpeMbl cleayeT u3 Oonee oOmeil Gopmynbl
pas3noxkeHus: QPyHKIUM MO YacTH BXOJSAIIMX B HEE MEPEMEHHBIX :

fXXn) = VX" &..&Xn"™ & F(61,.00,Ormy XenetseeesXn),

TIe G € {0,1}, Xio = —Xj, Xi1=Xi (I = 1,...,m).

B uactaoct, f(X1,..%) = VM %" &..&x,”".
(61,...,0n)
f (o4,...,0p) =1
dopmyna st C.K.H.Q. TpUBEAcHA B YIPaKHECHHE.
Ynpaosicnuenue

1. Bocnosb3oBaBmuck ¢opmysiod A.H.(., pa3iaokuTh (HyHKIIHIO
(X> y&z) & X 10O TEpeMEeHHBIM X, Z.
Pewenue:
(x—y&7)&x% = (X°&Z°&((0—>y&0)&0))v(X°&Z' & ((0—~>y&1)&0))v
(X' &Z°&((1->y&0)&1))v(X' &Z' &((1>y&1)&1)) =
= (- X&—2&0)v(—X&Z2&0)v(X&—z&0)v(X&Z&Y) = (X&Y&2Z) .
2. Ucnonw3yst uctuHHOCTHYIO Tabmuiy ¢ynknumu f=(11100101), momyuuTs
ee c.a.H.}.
Pewenue:

S === =]
R R|o|lor|irlolox
R ok ok |o|r|lo|N
=== IS N

f(X,y,2) = (- X&—-Y&—2)v(—X&—Yy&Z)v(—X&YE&—Z)v (X&—Y&Z)V(X&Y&2Z).

3. OnpenenuM KOHBIOHKMUBHYIO HOpMaTbHylo ¢opmy (K.H.(.) KaK KOHBIOHKITUIO
DIIEMEHTAPHBIX IU3IBIOHKINNA. AHAIOTUYHO OMPEACISETCS CO8epUleHHAs
KOHBIOHKMueHas Hopmanvhas popma (c.x.H.¢.) Mcronb3ys NMOHSATHE JIBOWCT-
BEHHOU (OPMYJIbI, TONY4IUTh (GopMyny mist C.K.H.Q. :

rac oj € {O,l}, Xio = =X, Xil = X (I = 1,...,n).
Jlns nokasatenbcTBa 3amucath (Gopmyny caHd mis QyHKIHUH, TBOMCTBEH-
HoU  (pynkium f(Xy,...,. X ).
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4. Paznoxutrh Qynkmuo f (Xq, X, X3, X4) = (010011110101111), ucronb3ys
K.H.Q.. @) 0 IEPEeMEHHBIM X, , X4; D)o BceM mepeMeHHBIM.

5. Jlokazath, 4To eciu cucrema [1] OyneBbIX (YHKIUH IMOJHA W KaKaas
byukius cucrembl [1] BeIpakaercs B Buae (Gopmyssl uepes OyiaeBbl (yHK-
1y cucteMbl [2 ], To cuctema [2 ] Takke MOJIHA.

6. Jlokazate moaHoTy cucteMm: a){—, &, v}, b){‘} n c}{I}, roe dyuxkimu
X|y: —(x&y) (wrpux leddepa), x4y =—(X vy) (crpenka [upca).

7. Jlokazare monHoty cucteMbl (pynknui {0,1, X &Yy, x+y (mod2)}, roe 1 -
uctruHa, 0 — moxb. byneBbl QyHkmmu, moctpoeHHble U3 KoHCTaHT 0, 1 u
byt X &Yy u X +y(mod 2) mpuBoasarcs Kk moiuHOMY JKeraikuHa.

1.2.2. MeTton cuHTE3a peNelHO - KOHTAKTHBIX CXEM

[IpounTteprpeTupyeM OyJieBbl (PYHKIUU KaK 3JIEKTPUUYECKHUE CETH, COIEpKa-
IIME JIBYXIO3UIMOHHBIE MEPEKII0YaTeNn X, — X - COOTBETCTBEHHO, 3aMbIKAlO-
IUA ¥ pa3MbIKAIOIIUN KOHTAKThl, &, V - COOTBETCTBEHHO, IOCIIEOBATEIBLHOE
Y napaJjiebHOE COEAMHEHUSI KOHTAKTOB; 1 M 0 - COOTBETCTBEHHO, «TOK IPOXO-
IUT» U «TOK HE MpOXOoAWuT». JIBE LIeMH HA3bIBAIOTCA SKBUBAJIECHTHBIMH, ECIIH
4yepe3 OJHY M3 HHUX TOK HNPOXOJUT T.M T.T, KOIZIa OH IMPOXOAUT YEPE3 APYIYIO.

Ynpaoicnenue
1. VYnopoctuTh CHEAYIONIYI0 PEIEHHO-KOHTAKTHYIO CXEMy, TOJyYHhB €€
(GYHKIIMIO MPOBOJAUMOCTH, U MHUHHUMHU3UPOBATH €e€.

X —Y
VA
X
Z —
—y —
Pewenue:  f(X,y,2) = (X&—=Y) vzv ((Xv = Yy)&2)) = (X&—Yy) vz
X -y
VA

2. Ucnonw3yst c.n.H.¢.(c.k.H.}.), HaliTH Popmyny s (YHKIHUA TPOBOIUMOC-
™M f ¥ HauepTUTh COOTBETCTBYIOIIYIO €l pPENICHHO-KOHTAKTHYIO CXEMY, €CIIH
f(1,0,0,0) = f(1,1,0,0) = f(0,1,1,0) = 1.

Pewenue: f(X,y,z,u) = (X&—y&—-z&—U)v (X&Y&—-2&—U)v (—X&Yy&z&—U) =
(X&—z&—U)&( —yVvY)) V (—X&Y&Z&—U) = (X&—Z2&—U) v (—X&Y&Z&—U)= .
(X&—2) v (—x&Yy&2))&—u.
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X —Z
— —=u
— =X y 74
3. HailTu oTCyTCTByIOmIMN 3JIEMEHT B CXEMe, 3aJaHHOW (PYHKIMEW MpPOBOAM-
moctu T (X, y)=X v —y:

X y

B

1.2.3. IlpunoxxeHue B TEOPHUH MHOKECTB

Mmnoowcecmeom Ha3bIBAIOT BIIOJITHE  OMPENEJICHHYI0  COBOKYIHOCTH
paznmuyaemMbix 00BekTOB. Hampumep, MHOXKECTBO ‘BCEX KHUT JTaHHOU
OMONMMOTEKN’, WJIM MHOJKECTBO ‘BCEX JIOJEH, )kMBIINX B XX Beke’.

Hmerorcss aBa crmocoba 3amaHuss MHOXKECTB: (1) myTeM SIBHOTO IEPCUHCICHHS
€ro 3JCMCHTOB, HaIpuMep, ueiasle unciaa mexay Ou 5, t.e. {0,1,2,3,4,5};

(2) ykazaHueM CBOWMCTBa, ONPEAEIAIONICTO MPUHAMICKHOCT dJIEMEHTa JaHHOMY
MHOXecTBY, T.e. {X; ¢ (X)}.

PaccMoTpum S13BIK, TPETHA3HAYECHHBIA IS OMMCAHUSA CBOMCTB MHOYECTB.
AndaBUT CONEPKUT TMEPEMEHHBIE MO MHOXKECTBaM, JBE KOHCTaHTHI — U u
), CAMBOJIBI OTlepanuii M, U, —, CHUMBOJ TMPUHAICKHOCTH €, U CUMBOJIBI
JIOTUKH BBICKA3bIBAaHHUM.

TepMmbl U GOpMYyJIBl ONpeneIuM OTHOBPEMEHHO:

1. X,Y,Z,... - IpeAMETHBIE MEPEMEHHbIE, MPOOErawIIre MHOXKECTBA, - TEPMBI;
2. ecnu t,r - TepMmbl, To t €r snmeMmeHtapHas ¢Gopmyia (aTom) ;

3. ecnmu O, Y - GOopMyIiBl, TO QO&WY, OV, —@, @ = Y, @ <>y - (OPMYIIHI;
4. eclii X - TepeMeHHas, u ¢ - popmyina, 1o {X; ¢(X)} - Tepm.

OnpenenuM onepayuu (nepeceuenue, 0OveOuHeHue, pasHoCmMsb, 0ONOIHEHUe)
U OmMHOWeEHUs (8KIOYEHUE, PABEeHCMB0) HAO MHodcecmeamu (I yaoOCTBa
00BEKTHI-MHOXKECTBA OyneM o0O0O3HauaTh 3arjiaBHBIMH OyKBaMU, a OOBEKTHI,
SIBJISTIOIIMECS DJIEMECHTaAMHU MHOKECTB, MaJIbIMU OyKBaMH):
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1. ANB={x:xe A&x e B}

xeANB<xeA&xeB @

A B

2. AUB={x:xeAvxeB} @
xeAUBexeAvxeB A .

3. A\B={x:x e A&x ¢B} @
A B

xeA\Bo x e A&—(x €B)

4 AcBe Vx(Xxe A—> x e B)
5A=B < VX (X e A< X e B)
6. U={x:x=x}, O={x:x=x}
7. KZ{XIXEU&X&EA}

dopmymer X # X u X ¢ A o3nagaror cootBerctBenno: — (X =X) u —(X €A).

Ceolicmea onepauuli U omHoweHuu

1) ANB=BNA, AUB=BUA

) (ANB)NC=ANMBNC), (AUBUC=AUBUC)

3 AUBNC)=(AUB)N(AUC) AN(BUC)=(ANB)U(ANC),
4 Ac AUB, AnNBcA, A\Bc A AnA=A AUA=A,

A=A, Oc A AcU A\G=A
5 AcBoe AuB=Be AnB=A

6) AcB&Cc D->AuCcBuUD
AcB& Cc D>ANnCcBnD
Ac B &Cc D>A\Dc B\C

MOXHO 3aMETUTh, UTO CYLIECTBYET TECHas CBSI3b, MEXAY MHOKECTBAMHU U
BBICKQ3bIBAHUSIMU, MEXKIY OIEpalMsIMA HaJl MHOXKECTBAMU U JIOTUYECKUMU
omepanusMu. [lycTh MBI HMEEM HECKOJBKO BbICKa3biBaHUU. (OOpazyem
MHOJXKECTBO BCE€X JIOTHMYECKHX BO3MOXKHOCTEH ISl  pacCMaTpUBAEMbIX
BBICKa3bIBAaHUN M HA30BEM €r0 YHHBEpPCaJbHBIM MHOXecTBOM. IlocTtaBum
KKJIOMY BBICKAa3bIBAHUI0 B COOTBETCTBHE ITOAMHOKECTBO TEX JIOTHYECKHUX
BO3MOXKHOCTEM YHUBEPCAJIBHOTO MHOXECTBA, JJIsI KOTOPBIX 3TO BBICKA3bIBAaHUE
UCTUHHO - €ro MHOXECTBO HMCTUHHOCTH. OUYEBHIHO, YTO MHOKECTBAMH
UCTUHHOCTH BbIcKazbiBaHut P&Q, P v Q, — P 0OyayT, COOTBETCTBEHHO,
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MHO>KECTBa PNQ, PuUQ, P, tme P, Q - MHOXECTBA HUCTHHHOCTH
BBICKa3pIBaHU P, Q.

[Tycte OyneBa ¢ynakmust f(Xy,...,.X, ) TpeacTaBuma TepMoM, COACPKAIUM
TOJBKO JIOTHYECKHE CHMBOIBI &, Vv, — . O0o3Haunm yepe3 < (X) dopmyny
TCOPUH MHOXKECTB, IMOJYYeHHYI0O ©3 Tepma f  MOACTaHOBKAMH BMECTO
MEePEMEHHBIX  Xi,..., Xp bopmyn X € Ay..., X € A, , COOTBETCTBEHHO.
O06o3HaunM 4yepe3 Zf BBIpaXKeHHE, MOdydeHHOe H3 Tepma it f(Xy,..., Xp)
3aMEHOM TEPEMEHHBIX Xj,...,X, CUMBOJaMHu Zj,....Z,, U CHUMBOJOB &, V, —
CUMBOJIAaMH M, U, —, COOTBETCTBEHHO. [Ipm wmHTepnperammu Zs CHUMBOJBI Z;
OyayT o0o3HauaTh TOJMHOXKecTBa yHUBepcyMa U (MHOXKeCTBa, COIEpIKaIlero B
KadeCTBE IMOJMHOKECTB BCE JIPYTMe MHOXKECTBA).

Ynpaoicnuenue

1. Jloka3zats, modb3ysch Kpyramm Oijepa, uTo BbickasbiBanune P & Q — Q
ABJIIETCS. TABTOJIOTHEH.

2. Hcnonp3yss HUCTUHHOCTHBIE TaOJMIBI COOTBETCTBYIOIIMX BbICKA3bIBaHUH,
POBEPUTH cieaytomiee cBoiicTBo MHOXkecTB. AN(BUC) = (AnB)U( ANC).

1.3. AkcuoMaTHyecKkasi CHCTeMa B HMCUHMCJIEHHMH BBICKa3bIBaHHIA

AxcuoMaMu® (KIACCHIECKOro) HCUNCICHHS BHICKA3bIBAHMUII OOBSBISLEM
TaBTOJIOTUHU W3 TeOpeMbl 2. B KadecTBe €IMHCTBEHHOIO MpaBHUJIa BHIBO I a
OpUHUMAaeM TMporeaypy mnepexoma oT aAByx ¢opmyn Buga A, A —> B
(moceLI0K) K dopmysie B (3akimoucHwMIO):

A, A—>B
— B85 (modus ponens)
(TpeboBaHusi, KOTOPBIM JIOJDKHBI YAOBJICTBOPATH TpaBWiIa  BBIBOJA, — U3

MUCTUHHBIX TMOCBUIOK JIOJIKHBI MOTY4aThCsl HCTUHHBIC 3aKJTIOUCHHS. )
HoxaszatTenbcTBOM GpopmMynb @ (TeopeMbl) HA3BIBAIOT
KOHEUHBIA CTIHCOK Gopmyn By,...,B), 3akanumsarommiics hopmymnoit @ (@ = B)),
roe  kaxmgas ¢opmyna B; (i=1,..l) ects akcumoma WM ToNyueHa U3
npeabIayux GopMyJsl IO OJTHOMY U3 MpaBWI BbIBOJA (0003HAYAETCS |—®).

Ipumep 1 ([loxazamenbcmeo meopemol).

FASA

1. A>(A—>A) (akcuoma la)

2. A>((A—>A) -A) (akcroma la)

3. (A>(A—>A) > ((A—>((A—>A)>A))—>(A—>A)) (akcuoma 10)

4. (A—>((A—>A)—>A))—>(A—-A) (modus ponens, 2,3)
5. A—A (modus ponens, 1,4)

CxeMaMH aKCHOM
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BeiBogom bopmyns @ uszrunmores Ay, .., An (m>1) Ha3wIBaOT
KOHCUHBIH crucok dopmyn By,...,B;, 3akanuusaromuiics dpopmyson @ (O = B)),
rae kaxmas popmyna B; (i=1,...,1) ectb akcroma uitn ojHa U3 TUIIOTE3 Ay,... ,An,
WK TIOJTyYeHa U3 Ipeaplaymux Gopmya mo mnpaBuiay BeiBoga (Ag,... ,Am = D).

Ipumep 2 (Bvisod gopmynsr uz zunomes). A&B—C, A -B—C:

1. A&B—C (runotesa)

2. (B>A&B) —» ((B—(A&B—C)) »>(B—C)) (akcroma 10)
3. (A&B—C) »>(B—~>(A&B—C)) (akcroma la)
4. B>(A&B—C) (modus ponens,1,3)
5 A (rumoresa)

6. A—>(B—>A&B) (akcuoma 2)
7. B>A&B (modus ponens,5,6)
8. (B—>(A&B—C)) »(B—C) (modus ponens,7,2)
9. B—»C (modus ponens,4,8)

TEOPEMA 9 (Cesoticmea 6v1600a)

1. As,..An - A (i=1m)

2.0 AgAn =B (j=1k) # By..By -C = A A, -C
3. An A b Ao An FB = ALLLAL LA, L A |-B.

4. A, ... An B = Ay, ..., An, Amet - B.

TEOPEMA 10. (1) Eciu -A—B, 1o A|-B.
(2) Ecmn Ay . Api - A—>B, 0 Ay Ap B (m=1).

CJIEICTBHE. Eciu |- A;—>( Ay~ ... (An—>B) ...), 0 A, ..., Ap - B (m>1).
TEOPEMA 11 (O oedyxyuu). (1) Ecmu A-B, o -A—B.

(2) Ecmt Ay, s Ay =B, 1o Ay s Ay - AyB  (Mm>1).
JNokazatenbcTBO (2):

®opmyiel ganHoro BeiBoaa (1):Ag,..., An - B 060o3naumm crmckom By, ..., B
[Tepenenaem BoiBOA (1) B cxemy :

An - B;
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Am —> B|’
a 3areM B BBIBOJ (11), 000CHOBaB BBIBOJAMMOCTH KaXKJI0M UMIUTUKAUU An—> B
(i=1,...,) u3 coucka rumore3 Ag,...,An.1 .
lcmyqait: Ecnin B ects akcmoma wmnm omHa u3 rumorte3 Aj (j=1,..,m-1) B BB
Boge (), to B; takke Bxomur u B BeBOA (), Tak dro BXOXIECHHE
umiumakaniy - An—Bi B BeBox (1) uMmeer 000CHOBaHHME C  IOMOIIBIO
akcuoMbl la:

B
Bi >(An —Bi) (akcuoma 1a)
A —B; (modus ponens)

2 cnydaii: Ecmm B; ectb runoresa A, B BeIBoAC (1), TO mM0Ka3aTelnbCTBO
uMIukaunn - Ap—A,, npuBeneHo B npumepe 1.

3 ciyuaii: By momyuena B BeiBoge () u3 mpemsimymux dopmyn B, B=B,—B;
no npaBmwiry Modus ponens. OOOCHOBaHWE BXOXICHHUS HMIUTHKauu A, — B;
B BbBOA (II) mpoBoaWTCS C TOMOIIBIO aKCHOMBI 10 HMHAYKIHEH 110
noctpoeHuto BbiBoa (11):

An—Bp (10 MHAYKITMOHHOMY JIOITYIIIEHHUIO)

An—(B,—B)) (MO0 UHAYKITUOHHOMY JIOMYIIECHUIO)
(An—Bp)—=>((An—(By—Bi)) = (An—Bi)) (akcroma 16)
(An—>(B,—Bj)) > (An—B)) (modus ponens)
An — B; (modus ponens)
Ipumep, unnrocmpupyrowuti 00Ka3amenbCcmeo meopemvl 0 0eOYKYUuU
Ecmm A—B, C»A,C|-B, o A»>B, C»>A|-C— B.
Beisoz (1):

1. A—> B (rumote3a u3 cmmcka Ag,...,An-1)
2.C >A (runore3a u3 coucka Ag,...,An_1)

3.C (rumoTe3a An)
4. A (modus ponens, 3,2)
5.B (modus ponens, 4,1)
Beison (11):
A—B (runore3a u3 crmcka Ag,...,Am_1)

(A —>B)—>(C—>(A—B)) (akxcuoma la)
1" C—>(A—B) (modus ponens)
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C-oA
(C>A)>(C—(C—>A)
2" C—>(C—>A)
C—>(C-0C)

(runmoTte3a u3 crmcka Ag,...,Am_1)

(akcroma 1a)
(modus ponens)
(akcroma 1a)

(Co(C-C)>((CH{(C—C)>C))—>(C—C)) (akcuoma 16)

(Co((Co0)—>0)—>(C-0)
C—((C-0)—0)

3" CoC

(C-C)—((C—(C-A)—>(CHA))

(C—>(C—>A))—>(C->A)
4" CHA

(C—>A)—>((C—»(A—>B))—(C—B))

(C—»(A—>B))—>(C—B)
5 C—B

(modus ponens)
(axcuoma 1a)

(modus ponens)

(akcuoma 10)
(modus ponens)
(modus ponens)
(akcuoma 1,0)
(modus ponens)
(modus ponens)

CJEJICTBHME. Ecin As,...An|-B, 10 |- Ai>(Ar—...(An—B)...) (m>1).

TEOPEMA 12 (Henpomueopeuusocmv ucuucienus evickasviéanuil). Beskas
nokazyemas ¢opmyna obOmie3Hauuma, T.€., eciu |- B, to |= B.
JJoka3aTenaAbCTBO CIEAYET U3 TOTO, YTO aKCMOMbI BBIOMPAIOTCS Cpen
TAaBTOJIOTHH, a TIpaBWJIa BBIBOJAA COXPAHSAIOT HWCTUHHOCTH 3aKIIOUYCHHUS TIpHU

HCTHUHHBIX ITOCBIIKAX.

CJIEACTBHUME. He cymectByer gopmynsl B, Takoi, uto |-B u

- B.

TEOPEMA 13 (/Ipouzsoonvie npasuia 6v1600a). AKCHOMBI M COOTBETCTBYIO-

e TpaBUjia BHIBOJA DKBUBAJICHTHBI.
Ilpouzsoonvie npasuna 6vigooa:

Axcuomol:
A& B —> A
A& B —> B
A—>(B—> A& B)

A— AvB
B—> AvB

(A—>C)—>((B—>C)—>(AvB—C))

(A->B)—>(A—B), (A~B)—>(B—A)

AKB  A&B (e &)

A B
AAéLBB (BBeneHHE &)
A B

AvB AuB (BBeIEHHE V)

Al—-C,B|-C
A v B|—C

(ynanenwue V)

A<>B A<> B
A—>B B—> A

(y nanenue <>)
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A—> B,B—> A

A->B)->(B—>A—->(Ac-B
( ) —>(( ) = ( ) 1<> B (BBEICHHE <)
——A
—A—A e (ymanenne —)
Al-B,Al—B
(A—>B)—=((A—> —B)— —A) —A (BBEACHNE —)
A—(—A—C) A, —A |- C (cnaboe ynaienue —)

I[ O0Ka3aTcClIbCTB O 3JKBHBAJICHTHOCTH COOTBCTCTBYIOIIMX AKCHOM H
IIpaBuJI BbIBOAA HCIIOJB3YCT JiBa CTAPLIX IIpaBHJIa BbBIBOJA
modus ponens, WM yJaaJeHue — :
A A—>B
B
A TEOpEMY O AEAYKIHUH, WIA BBEIACHUE —>.

Al-B
-A— B

JlokazarenbcTBO MpoBeaeM Ha mnpumepe akcuombl (A—B)—((A— —B)— —A)
U COOTBETCTBYIOIIETO MpaBUjia BBEACHUI — .

1. (A—>B)—>((A—> —-B)—> —A) (akcuoma) 8. A—>B (momymieHwue)
2. A|-B (mochLIKa) 9. A>—-B (momyrieHue)
3. Al-—-B (mochLIKA) 10. A (momyieHue MPOTUBHOTO)
4. -A—>B (— - BB) 11.B (—-yn)
5-A—>—-B (— - BB) 12. - B (—-yn)
7. —A (> -yn) 14.(A—>—-B)>—=A (—-BB)

15. (A—>B)—>((A— —B)—> —A) (— -BB)

IIpumepvr nocmpoenus Ooxazamenbcme

1) Ilepswiti 3akon 0e Mopeana . |- —(AvB) <> —-A&—B:

—(Av B),A |- —(Av B) —(AvB), B |- =(Av B)
—(AvB),A|- AvB —(AvB),B|- AvB
—(AvB) |--A —(AvB) |--B

A, —B |- A& B
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_A&—B,A |- A _A&-B, B |- B
—A&—B, A |- A —~A&—B, B |- -B
—|A&—|B,A |— —|(AVB) —lA&—|B, B |— —|(A\/B)

—~A&—B, Av B |- —(Av B)
—~A&-B,AvB|- (AvB)
—~A&—B |- —(Av B)
~ —~A&—B — —(Av B)
— —(Av B) <> -A&—B
2) |- A>B < —AVB

1. A—>B (momyrieHwme)

2. =(—AvB) (momymieHre MPOTHUBHOTO)

3. —=(-AVB) &> ——A&—B (1-b1ii 3akoH ne MopraHa)
4. —-(-AvB) > —A&-B (yn <, 3)

5. =—A&—B (yon—, 2,4)

6. ——A (yn &,5)

7. A (ya —,6)

8. B (yn —,7,1)

9. —-B (yn &, 5)

10. —— (—|AVB) (BB -, 2,8,9)
11. (-AvVB) (ym —, 10)
12.(A—>B) > —AvB (teopema o aenykiuu, 1,11)

13. -AvB (momyiieHue)
14. A (momyteHue)
15a. —A (momymieHue) 15b. B (nomymienwue)
16a. B (cnaboe ynanenue —)
17. B (ya v, 13)
18. A—>B (Teopema o nenykuuu, 14,17)

19. —AvB — ( A—>B) (teopema o meaykiuu, 11,18)
20. (A—B) &> —-Av B (BB <>, 12,19)
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3) Bmopoii 3axon 0e Mopeana . |- —-(A&B) < —Av—B
—(A&B),A,B|- A&B (BB &)
—(A&B), A, B |- —(A&B) (teopema 9(1))
—(A&B),A |- —-B (BB —)
—(A&B) |- A—> —B (teopema o meayKium)
|-(A— —=B) <> —-Av—B (Teopema u3 npumepa 2)
|-(A— —=B) > -Av—-B (yn <)
(A—> —B) |- -Av—B (treopema 10(1))
—(A&B) |--Av—-B (teopema 9(2))
|- =(A&B) —» —Av—B (Teopema o aeayKIuH)
—A, A&B |- -A —B, A&B |- -B (reopema 9(1))
—A A&B |- A —B,A&B |- B (yn &)
—A |- =(A&B) (8B —) —B |- =(A&B) (BB —)
—Av—B |- =(A&B) (yavVv)
|- =Av—B —»> —(A&B) (BB —)
|- =Av—B <> —(A&B) (BB «>)
4) Mepswiii 3axon oucmpubymusnocmu:. — A&(Bv C) ~ (A&B)v (A&C):
1. A&(Bv C) (momymieHue)

2. A (ynanenue &)

3.BvC (ynanenue &)
4a. B (omytIeHue) 46.C (momyteHue)
5a. A&B (BBeacHue &) 560. A&C (BBeacHne &)
6a. (A&B)Vv(A&C) (BBeaeHue V) 66. (A&B)Vv(A&C) (BBeacHue V)

7. (A&B)Vv(A&C) (ynanenue v, 3)

8. A&(BvC)—(A&B)V(A&C) (teopema aemykiwu,l,7)
9. (A&B)V(A&C) (momyrienue)

10a. A&B (momyrienue) 106. A&C  (momymieHwue)
11a. A (ynanenue &) 116 A (ynanenue &)
12a. B (ynanenue &) 126.C (ynanenue &)
13a. Bv C (BBemeHME V) 136.Cv B (BBeacHME V)
14a. A&(Bv C) (BBeaenue &) 146. A&(Bv C) (BBenenue &)

15. A&(BvC) (ynanenue v,9)
16. (A&B)Vv(A&C)—>A&(BVC) (Teopema aemykiuu,9,15)
17. A&(BVC) ~ (A&B)V(A&C) (BBenenue ~)
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5). lnst muoxects A,B,C Bepro yreepxkaenne |- ANB < C <« Ac BUC :

1. AnB c C (momyiienwue) 18. AcB UC (nonymenue)

2. xe AB—>xeC 19. xe A > xe BUC

3. Xe A (momyiieHue) 20. xeAnB (momymenue)

4.— (xe BUC) (momymenue npotusHoro)  21. xeA&xeB

5.—(xe Bv xeC) 22. xeA (yn &)

6.—(Xe B)&—(xeC) (3axon ne Moprana)  23. XeB (yn &)

7.—(xe B) (yn &) 24. xe BUC (yn —,22,18)

8. =(xeC) 25. Xxe BvxeC

9. xeB 26a.Xe B (nomymenue) 266.XeC(nonyueHue)
10. xe A&xeB (BB &) 27a. xeC (ci. yn.—,23,26a)
11. xeAnB 28. xeC (ynx v,25)
12. xeC (modus ponens,11,2) 29. xeAnB —» xeC
13.——(xe BUC) (BBE —,12,8) 30. AnBcC
14. xe BUC (yn —,13) 31. Ac BUC ->ANBcC
15.xeA— xe BUC (BB —,3,14) 32.AnBc C & AcBUC
16.AcBUC

17.AnB < C - Ac B UC (BB —)

TEOPEMA 14(Teopema o nonnome ucuucienus svickasvieanuti). |=E = |- E

JHoka3zaTenabcTBO OyIeT MOJYYEHO C MOMOUIBIO CIEAYIOLIUX JIEMM:

JIEMMA 1. JIns kaxaoil HU3 JIOTMYECKMX CBS30K MMEIOT MECTO BBIBOJMMOCTU.

A B A&B AvB —-A

I/I I/I I/I A,B|— A&B I/I A,B|—A\/B _H A |— —|—|A

n I 1. AB-FA&B U ABFAVB T  Al——A

1 U 1 AB-A&B U ABFAVB U —Al--A

A J J ABRFA&B J1 AB[-AvB U —A--A
Jloka3zaTenbCTBO.

A,B|- A&B: A B |- AVB:

1. 4 (momyuieHue) 1. A (momyuieHue)

2. B (momymienue) 2. B (nonymenue)

3. A&B (momyrieHnue npoTUBHOIO) 3. AvB (momyuieHue npoTUBHOTO)
4. A (ynanenue &, 3) 4a. A (nomymenue)  46. B (momymienue)
5. A&B (BBeneHue —) 5a.AvB (cm. yn.—) 56.AvB(cnyn. —)

6. AvB (ynanenue v,3)
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7. Av B (BBenenue —, 3, 6)

JIEMMA 2. CooTBETCTBYIOIIMI BBIBOJI HMEETCS IS JIF000M HWHTepIpeTalnu
(CTpOoKHU TaONMITBI UCTUHHOCTH) JIFOOOW (POpMYJIBI.
JokaszatenbcTBO Ha npumepe popmynsr P—(QvR—(R——P)):

P Q RIQVR |-P |R—>—P |QvR—> (R>-P) |P— (QvR—> (R—> —P))
0 0 01O 1 1 1 1
0 0 1|1 1 1 1 1
01 0|1 1 1 1 1
01 1|1 1 1 1 1
1 0 010 0 1 1 1
1 0 1)1 0 0 0 0
1 1 01 0 1 1 1
1 1 1)1 0 0 0 0
IUIA IIECTOU CTPOKH,
o JjieMmMme 1.
-Q, R |-QvR

P |-— P

——P, R |- =(R— —=P)
QvR,=(R—> —P) - =(QvR - (R—> —=P))
P, -(QvR—> (R—> —=P)) |-= (P> (Qv R — (R> =P)))
OTKyJa, Mo Teopeme 9:
P,QvR,—=(R—> —=P) |-=(P— (QvR — (R—> =P)))
P, —P,R,QvR |-= (P> (QvR > (R—> —=P)))
P,—P,R,QvR |-=(P— (QvR — (R—> —=P)))
P, RROVR |-=(P— (QvR — (R—> —=P)))
P.—Q,R|-=(P— (QvR > (R—> =P))).

JJEMMA 3. Ecmu |= E[P4,...,Py], tme Pi,..,P, cmomcok Bcex mepeMEHHBIX,
Bxongmuid B ¢opmyny E, o Piv—Py,...,Pov =P |- E

JlokazaTenbCcTBO mpoBeaeM Ha mpumepe dopmyasl E[P1,Ps]:

P P, E(F.F)

N

O O 1 P,P|—E | — _
2 P,P,vP|—E
0O 1 1 P,P,|—E _ _
o2 -P,vP,P,VvPE |-E
1 1 P,.P,|—E —
X | P,P,vP|—E
1 1 1 P,P,|—E |

JTEMMA 4. |- Av—A
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Jloka3zaTenbCTBO.

A, —-(Av—A) |- Av—A (BBV) — A, =-(Av-A) |- Av-A (BBV)
—|(AV—|A) |— —A (BB —|) —|(AV—|A) |— ——A (BB —|)

|— —|—|(A\/—|A) (BB —|)

- Av—A (ya—)

JNokaszatenbCcTBO meopemvl o nornome. Ilycts |= E[Py,...,Py].
[o nemme 3 cymectsyer BoiBox P vV —P,,...,P, v =P, |-E. BcraBmsas B stotr

BBIBOJI J0Ka3aTeIbcTBO Kaxkaod wu3 ¢dopmyn Py v—P; (i=1,...,n), momyunm
J0Ka3aTeabLCcTBO (hopmyibl E.

Ynpaoicnuenue

1. Jloxazath Teopemy 9 (CBOMCTBa BBIBOJA).

2. Jloxazatp Teopemy 10.

3. Tlomw3ysick nemMMoilt 1, MOCTPOMTH W JOKa3aTh BBIBOJALI IO CTPOKAM IS
dopmyner  ((Pv— Q)<>R)&(—Rv Q).

4. Jlokasath, uto Ay, Az....Amn1,An =B 1.1 1.T., KOoTHa AL, A%....Am1,AN |- B.

5. Jlokazath, uro ecimu ¢opmyna S [Py,....,P, ] Hemokazyema B UB, TO
Haiinytes dopmynsl By,...,B, Takwe, uto |- — S [By,...,By].

6. Joxazarhb 000OIIEHHBIE TMpaBWiia BHIBOJA, IOJy4acMbie J00aBICHUEM K
TUIOTE3aM MPOU3BOJILHOTO crucka [

IA-B T ,A|--B

'-—-A
I A-A—>B (*)
IA-B

7. Jloxazath TeopeMmy O NEAYKIIMU Ha TMpUMEpE:
a) eciu A&B—C, A |-B—C, to A&B—-C |- A— (B—C);
b) ecu A->B, AvC |-BvC, o Ao B|-AvC—>BvC.
8. JlokazaTh cBOICTBa JIOTMUECKHX OMEpalii B MCYUCICHUHM BBICKA3bIBAHUH.
9. Ins dopmyn Awu B monoxum Ax~B < |- A<B B UB. Jlokazars, 4To
d) ~ eCTh OTHOIICHHE DKBHBAJICHTHOCTH HAa MHOXKeCTBe Bcex ¢opmyn NB;
b) moxazatr B WB 11 OTHOIIEHMST =~ CBOMCTBA, aHAJOTHYHEIC
JIOKA3aHHBIM B JIOTUKE BBICKA3bIBAaHUM JJIi DKBUBAJICHTHBIX (DopMyl
10./loxa3aTb ¢ MOMOIILIO MPaBWJI BBIBOJIA:
a) - (A>B)< (-B>—-A)
b) - (A—> (B> C)) «<> (A&B — C)
¢) A&Av C)&(Bv C) « (A&B)v (A&C)
d) |- (Av B)&(Av C)&(Bv D)&(Cv D) «> (A&D)v (B&C)
e) |- (P> Q&R|-(Pv—-R)—>Q
f) -A—-> (B&C) & (A—>B)&(A—C)
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g9) - (AvBv C)& (BvCvD)& (Cv Dv A)«>(A&B)v (A&D) v (B&D)v C
h) |- (—P—> —-Q) » (Q&R— P&R)
1) |- (Av B)&(Av—-B)&(—AvB) & (A&B)
) |- (Ac>—-B) & (Av B)&(—Av—-B)
k) -A&B— C, -D—» - (E— F), C—»(E—F) - A—> (B—D)
) |- (AeB) < (A&—B)v (—A&B)
m) |- (P— Q) > (= P&Q)v (— P&-Q)v (P&Q)
n) |- (P->R)- ((Q—»R) —» (Pv Q -»R))
0) UV |- (G- U)o (G—-V)
P) |- (Pv—Q)R)&(—Rv Q)¢>(— P&Q&—R)v (P&Q&R)
11.]Jloxa3aTh CBOMCTBAa MHOXKECTB METOJAMM HCUKCJICHHMS BBICKA3BIBAHUM, BHI-

pasuB oOrcpanMu M OTHOLICHHA HaJd MHOKXCCTBAMH B BHIC (I)OpMyJ'I
JIOTUKH.

a) AuUB=ANB <+ A=B

b) - AcB < AnB=A

c) | A\ (BuC)=(A\B)N(A\C)

d | A\(BuC)=(A\B)\C

e) - (AuB)NC = (ANC)u(BNC)
I'maBa 2

NCUYUCIEHHUE IIPEIUKATOB

2.1. IlpenukarsI

B roruke BBICKAa3bIBaHMM H3ydaeTcsl CTPYKTypa CIIOKHBIX BBICKa3bIBAHUM,
COCTABJICHHBIX W3 DJIEMCHTAPHBIX HEIEIUMBIX BBICKA3bIBAHUM. Jloruka
MPEANKATOB  AHAJU3UPYET  CYOBEKTHO-TIPEAUKATHYIO CTPYKTYPY  IPOCTBIX
cykneHnuid. Harmpumep, CTpyKTypa SJIEMEHTApHOTO CYXKICHHUS  «CHET OeIbIii»
MOXET OBITb TNPEJCTaBIE€HA MPEIUKATOM (CBOWCTBOM)  «OBITh O€NbIM» U
CyOBEKTOM «CHEI», a, K IPUMEPY, CTPYKTypa JIEMEHTApPHOTO CYXJACHUS «IBa
JCHT TIATHY - MPEIUKATOM «X JICTUT Y» U CyOBEKTaMHU «IBa» H «IISAThHY.

AOcTparupysch OT KOHKPETHOTO COJACp)KaHUA TPEIUKATOB U CYOBEKTOB,
OyZeM Ha3bIBaTh Hpeoukamamu  QYHKYuu  UCMUHHOCTU IO (Xq,.X0),
3a0aHHble Ha Henycmou oobracmu D (namypanvuwix uucen) u npunumarowue
snavenuss 6o  mnodxcecmee {W,J1}. Tlpenukar Jo (X1,..,Xn) CTAHOBHUTCS
BBICKA3bIBAHMEM TOCJIE O3HAUYMBAHMS BXOSIIMX B HETO MEPEMEHHBIX Ha
aneMeHTax MHoxectBa D.

An C% aBuT: (1) X,Y,Z,...,.X1,X2,... - IPEAMETHBIC MEPECMCHHBIC;
) P (X4,....Xn),... - IpeauKaTHbie OykBbl (N=0,1,...);

(3) &, v, —, &, <>, V, 3 - ToruyecKkue CBSI3KKM W KBAaHTOPBHI,
(4) (,) - BcromMorarenabHbIC CHMBOJIBI.
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@opwm yast (1) P™ (xq,...Xy), ...- o1eMeHTapHEIe (OPMYITBI HIIH ATOMBI,
(2) ect A, B - hopmyis, To A&B, AvB, 1A, A—B, A©B - popmysr;
(3) ecim A(X) - popmyna co cBoOOHOM epeMenHOM X, To VX A(X), IX A(X) -
dbopmyIIbL.
C600600HbIe U CBA3AHHbBIE BXOHCOCHUSL NEePEeMEeHHbLX

[lepemenHbIe, HaxomsAmMecs B O0MacTH JCHCTBHUA KBaHTOpa IO JTOU
NIEPEMEHHOM HA3bIBAIOTCS CBA3AHHBIMU, UHAYE - CBOOOOHBIMUL.

Ilpumepeot:

00 n
X
1 Z_=f(x): X-cBoOoaHas nepeMeHHas, N - CBA3aHHasd IIEpEMEHHA.
n! ’
n=0 "

y
2) [sinxdx = f(y):Y -cBobonHas HepeMeHHas, X - CBs3aHHAs IIepeMEHHas.

0
3) ux (rm(y, x)=0)=f(y): y - cBoOOIHAs IepeMeHHas, X - CBI3aHHas IIepeMEHHas.
4) Vy P(y) & 3Ix Q(X,2)—>3z (P(y,2)vQ(z)) : mepBoe BXOXJICHHEC TEPEMEHHOH Y
- CBSI3aHHOE, BTOPOE — CBOOOJIHOE; X - CBSI3aHHAs MIEpEMEHHAs; IIEPBOE BXOXKICHHUC
MEPEMEHHOHN Z - CBOOOJIHOE, BTOPOE -CBSI3aHHOE.

3uauenue gpopmynvr  E[Py,...,Pm; X1,...,.Xy] Tpu WHTEpHpeTanuu MpeauKaTHBIX
oyks T : P = )" y osmaumBammm y: {X1,...X,} = D (D#J) mnpeaMeTHbIX
HepeMeHHbIX, 0003HauaeTcst  E[t,y], onpeaenum WHAYKIMEH 1O MOCTPOCHHUIO
dopmynsl E :

1) E=P"™ (xy,...X,), T0o E[1,y] = J[y];
2) E =(A&B)[P4,....,Pm; X1,...Xs), T0o E[1,y] = Al1,y] & B[7,Y].
AHAJIOTUYHO IS OCTAIBHBIX JIOTMYECKUX CBS30K.
3) E=VX;1 A[Py,....PmiX1,....Xn], TO E[7,y] = VXA[T,X1,Y]=H, tae vy : {Xz,....Xn}=D,
ecmm A [r,a,y] =W ana moboro aeD.
4) E=3x;A[P1,....Pm; X1,...Xn], TO E[1,7] = IX:A[T,X1,¥] = U, tae v: {X3,....Xn}=D,
ect A [r,a,y] =W mis mekoroporo aeD.
dopmyna E[P,...,Pm; X1,...,.Xn] Ha3bBaeTcsi O0OIME3HAYUMOMN HIH
TaAaBTOINOTHUEIMH ecau prd nawdoit obmactu D # O, miua  mro0bIX
WHTEPIIPETAMA T TPEIUKATHBIX OYKB W JIFOOOM O3HAYMBAHWUU Y TPEAMETHBIX
nepeMeHHbIX B oOmactu D, E[r,y] =U.
Cpa3y CTaHOBHUTCSA IIOHSATHBIM, YTO TIPOBEpKa  OOIIC3HAYMMOCTH IS
MPEIUKATHBIX (OPMYJT C TIOMOIIBIO TaOJUI] WCTUHHOCTH  HEBO3MOJKHA.
OmHako  MOXXHO  TOBOPHUTB, COOTBETCTBEHHO, 00 1-00IIe3HaYMMOCTH, 2-
OOIIe3HAYMMOCTH U T.J. NMPEAUKATHBIX (HOPMYIL.
Ilpumep 1. Tlokaxem, uro dopmyna P(Xy) — Q(X) He 1-o0me3Haunma,
CJIENOBATENILHO, HE OOIIe3HaYNMa.
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Pewenue. D={1} - omnosnementHast obnacts, |, u |, - uHTEpHIIpEeTaIUU  OYKBBHI
P,a J; uJ; - untepnperanuu 6ykBbl Q:

X Yy |1 |2 Jl \]2

1 |1 |n 1 u 1
HctuanoctHas Tabmuma  dopmyisl P(X,y)—>Q(X) :

X1y |P(xy) [Q(X) | P(x,y)—>Q(x)

1({1|m n 5

1({1|m hj hj

11 |n u U

11 |n b U

IIpumep 2. Tlokaxem, uto popmyia VX(IX P(X)—>P(X)) He 2-o0mmie3naunma.
Pewenue. D={1,2}; J1, 3y, J3, J4 - unTepuperanuu OykBbl P :

X J]_ Jg J3 J4
1| n| n| 1| J
2| n| n| n| JI

HctuanoctHas Tabnuma dopmynbl VX (IX P(X)—>P(X)):

X | P(X) |3IxP(x) | 3Ix P(X)>P(x) | VX(IXP(x)—P(X))
1 |J; n n n

2 | ) 51

1 1) n n JI

2 |J JI

1 |Js n JI JI

2 J3 n

1 |Js JI n n

2 | 51

Ilpumep 3. Tlokaxem, dYTO

oO1re3Haynma.

dbopmymna

vx 3y P(xy)—>3y Vx P(x)y) =He

Pewenue. Illycts D={1,2}, Torna uHTepnperanuu mnpeaukaTHoii Oyksbl P(X,Y)
3a1aIUM CJIEAYIONIeH TaOIuIIei:

X1y || da|ds|da]...|d
1(1|u|u|nuju|..|U
112 |u|nu|u|n|. . |J
211 |m|m|m|n A JT
22 | m|n|u|n|. .. |U
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B wactHocTH, mns mHTepnperanuu J; momyumm: npu X=1:3y J;(1,y)=U;
npu X=2: 3y J;(2,y)=U, rorma VX 3y J;(x,y)=WN. Tlpu y=1. VX J;(x,1)=]I,
npu Y=2: VX J;(X,2)=JI, Torma IyVX J7(X,y)=JI.

Otkyna VX 3y J7(X,y)—>3y Vx J/(Xy) = JI.

Ilepenecenue  meopem 06  00WE3HAUUMBIX — DOPMYNAX — UCHUCTIEHUS]
8bICKA3bIGAHUNI HA UCUUCTEHUe NPeouKamos mpedyem OCmOPOICHOCHU.

YacrtHblii ciaydaii Teopembl 1 mmeer mecro, eciau E[Py,...,P,] - bopmyna
WCYHCTICHUS BBICKA3bIBaHUU, a Ay,...,A, - TPOU3BOJIbHBIE (DOPMYITBI HCUUCICHHUS
npenukaToB. JlokazarenbcTBO octaercs npexHuM. [loatomy OyayT BepHBI U
Teopembl 2 u 3, tae A, B, C - npousBosibHbIe (HOPMYIIBI UCUUCIICHUS
IPEIUKATOB.

W3 ompeneneHuss JIOTUYECKUX OTMEparuii ¢ KBaHTOpAMH CJIETyeT OOIe3Ha-
quMOCTh cleaytomux dopmyr: |=P(y) > IX P(x), |= VX P(X) — P(y).

YtoObl pacnpoCTpaHUTh 3TH PE3yJNbTaTbl Ha MPOU3BOJIBHBIE (QopMynbl A
UCUUCIICHUS] TPEJUKATOB, HEOOXOAMMO COOJIOACHHE CIEAYIOLUIEr0 YCIOBUS:
‘noocmamnosku  nepemenHou Y’ emecmo 8cex CBOOOOHBIX  BXOMHCOEHULL
nepemennou X’ 6 popmyny A(X) ocmaromes ceo600uvimu 6 Gopmyne A(y) .

HazoBem Takywo nodcmanosxy ‘Y’ ceoboonot ons X' 6 A(X).
YTBEPX/EHME 1. a) |= A(y) > IX A(X), ©0) |= VXA(X) > A(y),
rae ‘Y’ csodomna mua ‘X’ B A(X).
YTBEPXIEHUE 2. a) |= A(X)>C = |=3Ix A(X)—C,
0) |- C— A(X) = |- C ->Vx A(X),
rae ¢opmyna ‘C’ HE COACPKHUT CBOOOAHBIX BXOXKICHHHA MEPEMEHHON ‘X’ .
[IpuBenem HaOpPOCOK JOKa3aTeNbCTBA JJiA ciiydass 0):

O6o3naunm uepe3 FV(E) cnmcok cBOOOTHBIX mepeMeHHbIX (opmyasl E.
HomyctuM, 49to cymiectByer obnacte D # J, Takas, 4To INpU HEKOTOPOU

UHTEpIpETallMd T  TPEAUKATHBIX OyKB M HEKOTOPOM  O3HAYMBAHHHU
npeametHeix nepeMeHHbix Y i FV(C 5VX A(X)) = D umeem (C ->VxX A(X))

[yl =JL,
T.e.Clty] =U u (VXA(X)) [t,y] =JI. Torma (A(a)) [t,y] =J1 mis HEekoToporo

ae D, v (C—> AKX) [t,y] = U nmna Bcex T, Y, YTO TPOTHBOPEUHT
obmresnaunmoct popmyiasl C — A(X).

Iloocmanoexka  gopmyner  A(Wi,...,.W,)  6émecmo  npeoukamuoiu  OVKevl
P(wy,...,w,) Ha Bcex Mectax BxoxuaeHus P(Yi,...Yyn) B dopmyny E[P(yi,...,¥n)]
Ha3bIBaeTCd cgoboonoti, ecim. (1) mepemeHHble VYi,...,Yn , COOTBETCTBEHHO,
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CBOOOMHBI I Wiy,...,.W,, B dopmyire A(Wy,...,.W,); (2) mocie moacTaHOBKA
Y1,.-,¥n BMECTO Wj,...,W,, COOTBETCTBEHHO, HH OJIHA CBOOOJHAas TMepeMeHHas
dopmynsr  A(Yi,...,.Yn) He okaxercsi ces3aHHOH B dopmyre E [A(Yi,....Vn)]:
Ipumepor noactanoBku Gopmyasl A(W) BMecTo mpeaukara (aroma) P(w) B
bopmyny P(y) =>3Ix P(X): (B mpumepax 1,3,5 mojacraHoBka OymeT CBOOOIHON).

A(w): P(y) »>3x P(x) :
1. Vz Q(w,z,w) vz Q(y,z,y) = IxVz Q(X,z,X)
2. Vy Q(w,y,w) vy Q(y.yy) = IxVy Q(X,Y,x)
3. Q(w,u,w) Q(y,u,y) = 3Ix Q(x,u,x)
4. Q(w,x,w) Q(y,x,y) = 3Ix Q(X,X,X)
5. Vw P(w)vQ(w) vw P(W)vQ(y) — Ix (Yw P(w)vQ(x))

TEOPEMA 1 (lloocmanosxka emecmo amomos). Ecnu moncraHoBka ¢Gopmyl
Al( X, X0 ), ooty An(X1,...,%,) cBoOomHa B Gdopmyne E[Py,...,Pyn] s

npeaukatHeix OykB  Pi( Xy ,...,Xn, ),...,Pm( X ,...,Xn_), COOTBETCTBEHHO.
Torma, ecmu |= E[Py,...,Pn], TO |= E [AL...,An ]
CJIEACTBME. Ecium nojcraHoBKa NEPEMEHHBIX  Yi,...,.Yn, CBOOOIHA  1Jis
Wi,...,W,, COOTBETCTBEHHO, B (hopmyne A(Wy,...,Wp), T0 |[= A(Wy,...,W,;) =
= AY1,- - sYn)-
TEOPEMA 4 (Oxeusarenmuocms gopmyn). |= A ~B T.u T.T., KOraa s J000u
npeaMeTHol obnact D= w mpu 000 HWHTEpHpeTanuu T NPeIUKaTHBIX
OykB, W JI000M O3HAUYMBAaHWUU 7Y TIPEIAMETHBIX IIEPEMEHHBIX Ha JJIEMEHTaX
obomactu D, A[r,y] = B[1,y].

@Dopmynbl HA3BIBAIOTCS KOHZPYEHMHbIMU, €CIU TIOCJEe CTUPAHUSI B HUX BCEX

CBA3aHHBIX BXOXKJIEHUN NEPEMEHHBIX, MOIYYae€M OJIHO M TO K€ BBIPAKEHUE.
YTBEPXIEHUE 3. Jlns xourpyentHeix ¢opmyn A u B Bepuo |= A~ B.

OcHoséHble masmonocuu UCHUCTCHUS npedukamog (C KGCleOpaMM):

VX A(X) ~ IXx—=A(X)
—3x A(X) ~ VX—A(X)
VXYY A(X,y) ~ VYVX A(X,Y)
Ax3Ay A(X,y) ~ Fyax A(x,y)
VX A(X) &VXB(X) ~ VX (A(X) & B(x))
Ix A(x)vaIx B(x) ~ Ix (A(X)vB(x))
VX A(X)vVX B(x) > VX (A(X)vB(x))
X (A(X)&B(x)) »>3x A(X) & Ix B(x)
Ix (A(X)—>B(x)) ~(vVx A(x)— Ix B(X))
Eciu ¢opmyna C He comepkuT cBOOOAHO X, TO
vxC~C
IxC ~C
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VX A(X) v C ~ VX (A(X)vC)
Ix A(x) &C ~ 3x (A(x)&C)

Teopembl 6 U 7 MoOryT OBITH OOOOIICHBI B HMCUYUCICHWU MPEAUKATOB, €CIH
B onucanue omneparui ‘X’(‘kpect’) u /> (‘tpux’) BKIOYUTH 3aMeHY V Ha 3
u 3 HaV.

Dopmyna B senaemca nocuueckum cireocmeuem gopmyn Ag,...,An , ecnu
st 6ot obmacth D # & w moOBIX HMHTEpIpETaluii T, Y, BXOJSIIHX B

bopmyner Ay, ..., Ay, B mpemukatHeix OyKB W CBOOOJTHBIX TPEIMETHBIX
MEPEeMEHHBIX, B CTPOKaxX TaOMUIBI UCTHHHOCTH, Tae Aq[t,y] = ... =An[1,y] = U,
takke U B[rt,y] = U. O6Go3nauum kak Ay, ..., An |=B.

JlanHOE OmpeneneHue COOTBETCTBYET YCIOBHOW WHTEPIPETAIMH ITePEMEHHBIX
B MareMaTHKe, IpH KOTOPOW  TpeAWKaTHble OYKBBI W IPEIMETHBIC

MIEPEMEHHBIC OCTAIOTCS (PUKCHPOBAHHBIMA B KOHTEKCTE JIOKa3aTENIbCTBA .

VX (X*-5x-6=0 —> X=6vX = -1), B OTIMYHE OT WHTCPIPETALHH BCCOOIIHOCTH
HepeMeHHBIX :  VXVY(X+y=y+Xx)—>2+3=3+2.

[Ipu TakOM oOmpeAeNCHUH JIOTUYECKOTO CICJCTBHS TeopeMa 8§ U ee CIICJCTBHE
0000IIal0TCs HAa WMCYUCIICHUE TpeanKaTtoB. JlokazaTenbcTBa TaM H 3/€Ch IO
CYTH COBIAJAIOT.

Ilpumepvr omHowenuil 102u4ecKo20 ciedo8aHus
—P(X)|= =P(x); —P(X)|=VX=P(X); —P(x) |= =P(y);
—P(X)|= =V XxP(X); VX—=P(X)|= =P(X); P(X) |= VXP(x).
W3 Tabnuibl ICTHHHOCTH YBUIUM, Kakue U3 HUX umeror mecto. [Tycts D={0,1},
npountepnpeTupyeM Ha D npegukatHyio OykBy PY, rtak uro:

Xy [P(X) | =P(X) | VX =P(X)|=P(y) |VXP(X)|—=VXxP(x)
00 |Ji=m |JI 1

01 |Ji=m |JI JI 1 41 JI
10 [Ji=u |JI 1

11 |Jy=u |JI 11

00 J2=I/I JI J1

01 |J=m |JI JI u JI 41
10 |J=0 |HU 11

11 (J=0 |U u

00 [Jm | u

01 (J;zn | U JI hi JI 41
10 |Jg=u |JI u

11 [J;=u |JI 1

00 J4:J'I 141 )51

01 (J=n1 |HU 141 " JI 51

33



10 |Js=n
11 |Js=n

u
u

n
N

OueBUIHO, YTO BEPHBI CJICAYIONIUEC OTHOIICHUS JIOTMYSCKOTO CIICTOBAHHUS:
—P(X)|= —=P(x), —P(X)|= =VXP(X), VX=P(X)|=—P(X). Yoenurbcs, 4ro oHU
BEpHbI 0€3 OrpaHUYCHUI Ha YHUCIO 3JeMEeHTOB obOsmacth D. A oTHOIICHHSA
—P(X)|= VXx—=P(X); —P(X) |=—=P(y); P(X) |= VXP(X) He wuMerT MecTa.

Ynpaosicnuenue
1. TlocTpouTh MCTHHHOCTHBIC TaOnWIbl Hajx oOmacteio D = {1,2} mis
CIIEIYIOMUX (QopMyI:
@ vz (P(x) > —=Q Vv P(2)); (b)P(xy) »>Vx (P(X,y)—=>3x P(X,X)).
Jokaxwute, uto Gopmymna VxX3Iy P(X,y) — IyVX P(X,y) 1-o6me3Haunma.
3. Jokaxwure, uTo cieayronie (Gpopmyiasl He OOIE3HAYNMBL:
(a) —(vx3y P(x,y) = 3yvx P(x,y));
(b) Ix3y P(x,y) — Ix P(X,X);
(c) IX P(X) & Ix Q(X) — Ix (P(X) & Q(X)).
4. OOuie3HayuMBbl JIM Clenyronue GopMyibl ?
(@) P(x) >Vx P(x), (b) Ix P(X) = P(x), (c) VX P(x) = 3Ix P(x),
(d) IX P(x) >Vx P(x),  (e) 3y (P(y)vVx (P(x)—>Q))~3y (P(y)vVx(P(x)—>Q)).
Jokazate YTBEPXKJIEHUME 1 u YBEPXJIEHUE 2(a).
6. Ilpumenumo nu YTBEPXKX/IEHUE 1 k nmoka3zatenbcTBy 00I1I€3HAYUMOCTH
cienyomux (GopMyl, HWIA YCTAHOBUTE 3TO JIPYTUM CIOCOOOM:
(@) Vx3y P(x,y) = 3y P(y,y); (d) vx3z P(x,z) - 3z P(y,2);
(b) 3y P(y.y) — 3Ix3y P(x)y), (e) P(x,xX) — 3y P(x,y);

no

o

(c) P(x,x) = 3y P(y.y); (f) VyP(xy) = P(y.y).
7. BBIHOJIHI/ITB yKaBaHHBIe INOACTAHOBKMN MW BBISICHUTH, CB060):[HBI JIU DTU
HOIICTaHOBKI/I:

(@ 3JzP(z,w,y), Q Bmecto P(w), Q B P(2) —Q;
(b) IxP(x,wy), Q(w) Bmecro P(w), Q(w) B Vy(P(z) ->Q(Y));
(c) AzP(z,w,y), Q(w) Bmecto P(w), Q(w) B VX( P(X) =>Q(X));
(d) P(w,v,x), Q Bmecto P(v,w),Q(w) B VX(P(X,y)vQ(X)— P(y,X));
(e) 3zQ(z,w,w,y), VXP(v,w,X) Bmecto P(w),Q(v,w) B VX(P(X) =>Q(X,X));
(D 3zQ(z,w,w,y), VXP(v,w,x) Bmecto P(w),Q(v,w) B VX(P(X) >Vy Q(Y,y));
(k) IzvwP(z,w,y), Q(z,w)& IwWR(w) Bmecto P(w), Q(w) B 3zP(z) ->Q(2).
8. Haiitu skBuBaneHTHBIE (DOPMYIBI C TECHBIMU OTPHUIAHUSMH:
@ —Vx ((P(X)vIy—Q(x.y)&VYR(Y));
(b) —(=(IXP(X)—>VXQ(X,y))vVX=P(X)).
9. JMoxazate YTBEPXJIEHUE 3.
10. 3amkayTtas dopmyna VX;...VX,32z; Iz, A, tne m>0, n>1 u A—
O0eckBaHTOpHast (opMyJia, HE cojepkalias MpPeAMETHbIX KOHCTaHT,
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o0Ie3HaYMMa TOTJIa W TOJBKO TOTJa, KOrja oHa N — oOmie3Havymma, |,
COOTBETCTBEHHO, 3aMKHyTass (opmyna 32z, Iz, A olbme3Haunma, eciu
oHa 1| - oOmie3HaunMa.

11. Haiimute ¢dopmyny, kortopas Obuia Obl (a) l-oOmiesHaummoit u 2-o0mie-
3HaUYMMOM, HO He Obuta OBl 3-00mie3nauumoit; (b) 1-, 2-, 3-o0mie3Hauu-
MOH, HO He 4-00IIe3HaYNMOM.

12. Jloka3aTh TaBTOJIOTMH HCUWCICHHS IPEIUKATOB C KBAaHTOPAMH.

12.ChopmynupoBaTh yCIOBUSI MEpEHECEHHUs TeopeM 00 OO0IIe3HauYnMBbIX

dbopMyniax HWCUYHCICHUS BBICKA3bIBAaHMN Ha WCYHUCIICHUE TMPETUKATOB.

14.Y cTaHOBUTh UCTHHHOCTB (JIOKHOCTB) CJCIYIOIINX OTHOIICHHH JIOTMYECKOTO

ciepoanus. a) VX P(X) |= P(x), b) VXP(X)|=P(y), c)P(x)|=VxP(x).

15. JlokazaTh, yTo s mpou3BObHBEIX ‘X* m ‘A’: VX A(X) |= A(X),

A T.m T.T.,, korna |= VXA, a A|= VXA He Bcerma HMEET MECTO.

2.2.CucrteMa akcMoM B HCUYMCJIEHHH npeanraToB

CxeMBpl aKCHMOM H mpaBuJ BbIBOJAa OCTAKOTCA TCMHU IKC, UYTO MW [JIA
HCYUYHUCIICHUA BBICK&E}BIB&HHﬁ, C CI)OpMy.HaMI/I SA3bIKa HCUYHUCIICHUSA IIPCAUKATOB, K
KOTOPBIM I[O6&BJ'I$IIOTCH CXEMbl AaKCHMOM M IIpaBWJlI BbIBOAA, CBA3aHHBIC C
KBAHTOpPAaMM.

AKCHOMBIL

la A—(B—A)
16 (A->B)—>((A—>(B—C))—>(A—-0))
2 A—->(B—>A&B)

3a A&B->A
30 A&B—B
4da A—>AVvB
46 B—>AVB

5. (A—>C)>((B—C)—>(Av B—>QC))

6. (A—>B)—>((A—>—-B)—> —-A)

7. ——A->A

8. (A—»B)—((A—B)—> (A~B))

9a. (A& B) > (A—>B)

96. (A B) > (B—A)

10. A —> (-A—-C)

M MpaBHUJO BBIBOa MOdus ponens.

HoBrle aKCHOMBI H npaBuiIa BBEIBOIa.

11 C-> AX) |-C— vx A(X) (V- BBeneHue)
12 VX AX)—A(t) (V- ynanenue)
13 AX)—>C |-3Ix A(X)>C (3 - ynasienue)
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14 A(t)>3Ix A(X) (3 - BBencHUE),
ric TOJCTaHOBKa TepMa t cBoOomHa Juis mepeMeHHo X B (opmyie A(X),
u dopmyna C He comepX uT cBOOOTHO X.

DQopmyna B egvieoodouma uz popmyn Ay ..., Ay ,ecom
CyIIecTBYeT criucok dopmyn By,...,B; takoit, uto B|=B, u kaxnas dbopmyna B;
€CTh aKcuomMa uiau omHa u3 gopmyn Ay, ..., Ayn, WM TOJIy4daeTcs U3
npenpiaymux  (GopMysl MO OJHOMY W3 TPaBHJI BBIBOJAQ, TAE BCE CB0O0OHbBIE
nepemennvie hopmyn Ay, ..., Anm ocmaromes guxkcuposanHviMu, T.€. TPaBHIA C
kBaHTopamu (V, 3) He NpPUMEHSIOTCA HU K KaKOil TMepeMEeHHOH, BXOseh
cBobomHO B dopmynsl Aj, ..., Am, KpoMe ciydaeB, KOrja JTH IpaBHIIa
IPUMEHSUTUCH 10 UCTIOJIb30BaHUst GopMyd Ay, ..., Ay B KadyecTBE JOIMYIICHH.

TEOPEMA (O oedykyuu). Ecmu A, ..., An|-B, 0 A, ..., Ani |- An—B,
r7ic TPUMCHCHHE TPaBWI V-BBEACHUA MW J-yAaJeHUs (DUKCUPOBAHHO IS
CBOOOJHBIX TepeMeHHBIX Gopmyn Ay, ..., An .

JlokazaTenbCTBO:

B,

B = A - nepBoe BxoxneHue A

ITycts BeIBOA () - HEMOUKA hOpMYT B Ka4ECTBC Oy IHCHIA

B,

J

B,

B,
: us |
n-1

[To BeBOmy (1) cTpoum cxemy: A, =B,

A, — B,

[Tepenenaem sty cxemy B BbIBOX (l1):

1 cnyyqait: Bj— akcuoma wmm oxHa w3 rumote3 Ag,...,An B BbBoze (I).
Ecmm j<n, BeBox (1) ¢dopmynsr Bj ocraercst BeBogom (11).

JIng j >N u =N [0Ka3aTeilbCTBO KaK B MCUMCIICHUH BBICKa3bIBAHUM,
Paccmorpum BeiBOa (11) mist cimydast j>n:
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BI
: m (I)
Bn—]

4,4,
B, rne B;— akcHoma wiu ofHa W3 THNOTE3 A,...,4,

B, > (4, - B,) (akcuoma la)

4, > B,

2 cnyuaii. Ecnim B; momydena B BeIBOjC (1) mo mpaBmiy modus ponens, To
pPacCMOTPUM CIICIYIOLIUE CITydau:

B.,B
(1) B; mosiBunace o By, T.e. j<n, Torna B > () m i,0<n. ITosTomy BBIBOJ (1)
i
ecth BBIBOJ (11).
(2) j>n:
B.,(B,—> B,)=B, B,,B,
a) Ecim 1,g<n, To Bj () u B cxeme: A _)Bj .

O6ocnyem Bxoxzaenne An— Bj B BbBOZ (I1) :
B,

B, —> (A4, — B,)

A, = B,

B, — B,

1(B; > B,) > (A, > (B, > B)))

A4, —> (B, —> B;)

(A4, > B)—> 4, > (B, > B;)) > (4, > B)))
(4, = (B, > Bj.))—> (A4, —)Bj)

A4,, = B,

0) Eciim i1>n m g<n, T0 B cXeMe COOTBETCTBEHHO NMEEM :
Am—)Bi u Bi —)Bj n Am—)Bj .
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:Am—>Bi

Bi—>Bj

1(B; = B;) > (A, —> (B, —> B)))
Torma B (I1): A —>(B B,

(A, = B) = (A, = (B = B))) > (A, = B)))

(A, = (B, > B;)) > (A, > B))
A, — B;

Amnanorununo mosrydaercss BeiBof (1), mms €) g>n u i<n wu d) i,g >n.

3 cinyuait. Bjnomyuyena B BeiBoxe (l) mo mpaBuiy V- BBeneHus u3 Qopmyisl B
a) Ecmu j<n, to i<n: obocHoBanme dopmyn Bi=C—>A(X), B=C—->VXx A(X) B
BbiBOJie (1) u BeIBONE (I1) coBmamaroT.

(C — A(x)

(C —> A(x)) > (4, > (C > AX))
A —(C—> AX)

b) Ecu i<n u j>n, tormas (Il): < A &C—> AX)

A, & C—> VxA(x)

4, —> (C — VxA(X))

(mpaBwiio V- BBemeHus: npumeHuMo B BbiBoge (I1): ‘X’ He BXOmuT CBOOOIHO B
dopmyner C m Ap , T.K., COOTBETCTBEHHO, OHO TPHUMEHSIIOCH B BBIBOJE (1) u
nepeMeHHas ‘X’ GUKCHpPOBaHHA OTHOCHTEIbHO A, B BbIBOjE (1) s j>n ).

c) Eciu i>n, Tto j>n, torma B cxeme mmeeM A,—Bi u A,—B; [Hanbme
nokazatenbcTBo Ap—Bj cTpoutcs, ncnonb3ys HHIYKIHOHHOE JOMYLIEHHE, KaK
B ciydae D).

4 ciyqaii. @opmyna B; momydena m3 B; mo mpasuiy 3 - ynanenus. Beisox (11)
CTPOMUTCSl aHAJOTUYHO 3 CIIydaro.

Teopema o 0edyKkuuu Ha rpumepe

VX (P(X)—>Q(X)), VXP(X) |- VX Q(X) = VX (P(X)—>Q(X)) |- VX P(X)— VX Q(X)
BriBoa (1):

1. VX (P(X)—>Q(x)) (runotesa A, j#=m)
2. VX (P(X)>Q(X))— (P(X)>Q(X)) (akcroma)
3. P(X)>Q(x) (modus ponens, 1 u 2)

38



4. VX P(X) (rumore3za Ap)

5. VX P(X)—>P(x) (akcroma)

6. P(x) (modus ponens, 4,5)

7. Q(X) (modus ponens, 6,3)

8. QX)—>((——P—-P)—>Q(x)) (akcroma 1a)

9. (—w—=P->P)->Q(x) (modus ponens, 7,8)
10. (——P—>P)—>V¥x Q(X) (V-BBenenue, 9)

11. ——P—P (akcroma)

12. ¥x Q(X) (modus ponens, 11,10).

[Tepenenaem BeiBoa (1) B cxemy:
1. VX (P(X)—>Q(X))
2. VX (P(x)—>Q(x))— (P(x)~>Q(x))
3. P(x)>Q(x)
4. VX P(X)— VX P(X) (An—An)
5. VX P(X)—> (VX P(X)—P(x))
6. VX P(X)—>P(x)
7. VX P(X)>Q(X)
8. VX P(X)—=>(Q(x)>((—P—-P)—>Q(x)))
9. VX P(X)—>((——P—>P)—>Q(x))
10. VX P(X)—=>((—P—-P)—>Vvx Q(X))
11. VX P(X)—>((——P—P))
12. VX P(X)— VX Q(X).

[Toctpoum BeiBoa (11):

1. VX (P(X)—>Q(x)) (runotesa A;j, j#m)
2. VX (P(X)>Q(x))— (P(x)—>Q(X)) (akcroma)
3. P(x)—>Q(x)) (modus ponens, 1,2)

4. VX P(X)> VX P(X) (moka3zatenmbcTBO Teopembl A—A)

Vx P(x) = P(x) (axcuoma)

(Vx P(x) = P(x)) > (Vx P(x) = (Vx P(x) = P(x)) (akcuoma (1a))
5. Vx P(x) = (Vx P(x) > P(x)) (m.p.) ’

VX P(X)—>Vx P(x) 4)
VX P(X)—(VX P(X)—>P(x)) (5)
(VX P(X)>VX P(X)) = ((VX P(X)—>(VXx P(x)—>P(x)))—>(Vx P(X)—>P(x)))
6. VX P(X)—>P(x) (modus ponens 2 pa3a)
P(x)—>Q(x) (3)

(P(X)>Q(X)) = (VX P(X)>(P(x)>Q(x))) (axcuoma 1a)
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VX P(X)—(P(X)—>Q(x)) (modus ponens)

VX P(X)—P(x) (6)
(VX P(x)=>P(x))>((vx P(x)>(P(x)>Q(x)))—>(¥x P(x)—>Q(x)))
7. VX P(X)—>Q(x) (modus ponens 2 paza)
Q(x) = ((=—=P - P) > Q(x))

QM) = (=P = P) > Q(x)) = (VX P(X) = (Q(x) = (=P = P) > Q(x))))
8.VXP(X) = (Q(X) = ((—=—P — P) - Q(x))).

VXP() —>Q(X) (7)
VXP(¥) = (Q() = ((=—P — P) = Q(x)))

(VXP(x) = Q(x)) = (VXP(x) = (Q(X) = ((=—P — P) = Q(x)))
= (VXP(X) = (=P — P) > Q(x))))

9.VXP(X) = ((—w—P — P) > Q(X)) (modus ponens 2 paza)
(VXP(X) = ((+—P — P) > Q(X) 9)

VX P(X) & (——P — P) > VX Q(X) (V - BBeneHuE) :
10.VX P(X) = ((——P — P) = vX Q(X))

——P — P (akcuoma)

(=P - P) > (Vx P(x) > (=P — P)) (akcuoma (1a))
VXP(X)—>(——P—P) (11)
VXP(X)—((——P—>P)—>VYxQ(X)) (10)

(VXP(X)—=>(——P—P))—>((VXP(X)—>((——P—P)—>VxQ(X)))—>
— (VXP(X)— ¥YXxQ(X))) (axcuoma 10)
12. VXP(X)— VxQ(X) (modus ponens 2 pasa)

TEOPEMA (Ilpouzsoouvlie npasuna 6v1600a). [IpousBonHble  MpaBuUiIa
WCYHUCIICHUS BBICKA3bIBAaHWNA C (OPMyIaMU WCUHUCICHUS TPEIUKATOB M HOBBIC
npaBuia ¢ KBAHTOPAMH SKBUBAJCHTHBI COOTBETCTBYIOIIIMM aKCHOMAaM.

Vx A(X) I-A(x)
A (V-ynanenue) F‘- IXAR) (V - BBenenue)

A1) I, A(x)|-C
T AG (3 - BBeacHME) FarA (X)‘_ C (3 -ynanenue),

rae t cobomHo 11t X B A(X). rae X He Bxoaut cBobomHo B I',C.

40



TEOPEMA 5(0O 3amene). Ecnu |- A <> B u E[A] -dopmyna c BbieneHHBIM

Bxoxkaennem mnoxdopmynst A, a E[B]=E[A]; - pesyibrar 3aMeHbl 9TOTO
BXOXKIEHUS Ha Qopmyny B, Xj,..,X,- cBoOOaHbBIe mnepeMeHHble Gopmyn A, B,
nornajamIIue B 00acTh JeiictBus kBaHTOpoB Qopmyn E[A] wmm E[B] mpwm
MOCTPOCHUU uX, HaunHasi ¢ A, B, coorBercTtBenno. Torma ecnu I Ao B,
to I |- E[A] <> E[B], rme I cmucox dopmya, He coaepKalux CBOOOIHO
HIepeMEHHbIE Xj,...,Xp .

JIEMMA. Ilycth X — HekoTOpass mepeMeHHas, A(X) — nmpousBoiibHas (opmyiia,
a Y MpOW3BOJIbHAS TIEPEMEHHAs, HEe 00S3aTeNBbHO OTIMYHAs OT X, Takas, YTo:

(i) ‘y’ cBoOomHa mis ‘X’ B A(X), (i) ‘Y’ He BxomuT cBoOOIHO B A(X) (Kpome
ciydas, korma ‘Y’ ectb X’), (ili) A(y) ecTh pe3ynbTrar HOJCTAaHOBKH ‘Y’
BMECTO CBOOOMHBIX BXOXAcHHU X’ B A(X).

Torma: (a) - VX AX)~VyA®y); (b) -3 xAX) ~ 3Ty A(y).
YTBEPXIEHUE. Ecau popmynst A u B konrpyentssl, To |- A <> B.

Ilpumepsvr nocmpoenusi 0oxazamenbCcme

1) |- = VX AX)~3IX = A(X)

1. =Vx A(X) (momyteHwME)
2. A(X) (momyIIeHne MPOTHUBHOTO)
3. VXANX) (V - BBeneHue)
4. —A(X) (— - BBeaeHume,2)
5 IX-AKX) (3 - BBeacHue, 4)
6. —VA(X)—>3Ix = A(X) (teopema neaykiuu,l,5)
7. Ix=A(KX) (TomytieHue)
8. VXA(X) (momyiieHHe MPOTHBHOTO)
9. —AX) (momymieHue)

100 A(X) (V- ynanenue,8)

11. = VX A(X) (cnaboe ymaneHue —)

12. VX A(X) (3 - ynanenue,7)

13. =X A(X) (—-BBemenue,8)

14. 3IX - A(X)—>— VX A(X) (Teopema aenykiuu,7,12)
15. = VX A(X) <> 3Ix = A(X)(«> - BBenenue, 6,13).

2) VX (P(X)>Q(X)) |- VX P(X)— VX Q(X)
VX (P(X)>Q(X)), VX P(X) |- P(X)>Q(X) (ynanenueV)
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VX (P(X)>Q(X)), ¥VX P(X) |- P(x) (ymanenueV)
VX (P(X)—>Q(X)), VX P(X) |- Q(x) (ynaneHnue—)
VX (P(X)>Q(X)) |-VX P(X) > Q(X)  (BBeneHme—)
VX (P(X)—>Q(X)) |-VX P(X) >VX Q(X) (BBemenueV)

®opmyma Buga Qi X;...Qn X, A, tme A OeckBanTopHas (opmyia, a Q; ecTh
V w3, HasbBaeTcs npedsapenioll (M NPeHeKCHON) HOPMATbHOU GopMoll.

TEOPEMA 9. V  Bcsakod  (GopMyibl  HCUMUCIEHUS  NPEAUKATOB  €CTh
DKBUBAJICHTHAsl € MpeaBapeHHas HopMaiabHas ¢dopma.

TEOPEMA (I eoens 0 nonnome ucuucnenus npeoukamos). |-E < |=E.
(be3 moxasatenbcTBa).

CJIEACTBME. HcuucieHne NpeIukaToB HEMPOTUBOPEUUBO.
Ynpaoicnenue

1. OGocHOBaTh JOMYCTUMOCTb  HPOU3BOOHBIX NPABUIL  blBOOA  UCHUUCTEHUS.
npeouxkamos.

2.Jlokazatsb cienyroiryto Teopemy. KakoBa Obl HuU Oblia gopmyna E u Hymb-
MecTHas mpenukatHas Oyksa P, Bcerma |- E ~ (P&F,)v(—P&F,), tne Fi ectpb
P mmu —P, win Hekotopas dopmyina, He coaepxaias P (i=1,2).

3. I[OKaBaTB OCHOB6HblE mMaemoJjiocuu UCHUCIIeHUA npedukamoe C Kearmopdamu.
4. HaliTu ommOKy B BBIBOJIE:
P(x), QX)) | 3Ix(Q(X) & P(x))
P(), 3xQ(X) - 3x(Q(X) & P(x))
IX P(X), IX Q(X) - 3IX(Q(X) & P(X))
Ix P(x) & Ix Q(X) |- Ix(Q(x) & P(x))
3x P(x) & 3x Q(X) =3Ix(Q(X) & P(X))

5. JlokazaTh, 4TO CJCIYIOIIME TEOpEMbl HMEIOT MecTo, ecian A(X,X) sBiseTcs
pe3yabTaTOM TMOJCTAHOBKU ‘X’ BMECTO CBOOOMHBIX BXOaeHud ‘Y’ B A(X)Y),
npudem ‘X’ cBoboano A Y’ B A(XY):

a) VXVy A(X,y)—>Vx A(X,X) b)3ax A(X,X)—>3Ix3y A(X,Y)
6. Kakoe u3 yreepxkaernii Bepuo: A(X) - VX A(X) mm |- A(X) = ¥x A(X)?
7. Jlokazatb Teopemy 9.

8. [IpuBectu k mpeaBapeHHoi (opme Gopmyy:
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(=IX PX)vVX Q(X)) & (R—>VX S(X))
9. SBnsAIOTCSA M BBIBOAMMBIMHU CIEAYIOIIHE (HOPMYJIBIL:
(a) vx3y A(x,y) = 3y A(xy);

(b) (VX P(X)—>P(y)) > (VXP(X)—>VYyP(y)), tme P — ogHOMecTHas mpeauKaTHAs
OyKBa;

(c) A(X)—>3Ix A(X);

(d) (A(X)—=>3Ix A(X))=> (VX AX)=>(AX)—3IX A(X)));

(e) VX A(X)=>(AX)—>3x A(X));

() (VX AX)>A(y)) = (VXAX)>VYA(Y));
(AY)>3Ix A(X)) = (FyA(y)—>3x A(X))).

10. /loka3aTh Mpu YCJIOBHH, YTO IIEPEMCHHAas X HE BXOIHWT CBOOOJHO B
dopmyist crmcka I': (@) Ecmr T |- A(X) ~ B(X), o T -¥x A(X) ~ YXB(X).

(b) Ecu T |- A(X) ~B(X), To T' |- 3x A(X) ~ Ix B(x).

11. OGocHoBaTh mHpaBWIBHOCTH BhIBOgA: VX (P(X) ~ 3z R(X,w,2)) -

P(x) v Vx 3y (P(X) = Q(y)) ~ P(x) v Vx3y(3z R(x,w,z) — Q(Y)).

12. Jloxazats YTBEPXJIEHUE 00 >KBHBaJICHTHOCTH KOHTPYEHTHBIX (OPMYI.

13. Jloka3ath, uto ecinu MHOXecTBa (opmyn To,T1T,... HEOPOTUBOPEUUBHI U

Tic T (i=0,1,...), To U T; - HENpOTUBOPEYHBOE MHOXKECTBO (HOPMYII.

14. Tlyctp muoxectBo ' \U{3Xx A(X)} HempotuBopeurBo. /loka3arh, 4YTO €CIH

nepemernas ‘Y’ He Bxomut B I m 3IX A(X), To muoxectBo ' \U{Ix A(X),
A(Y)} HempoTHBOPEUHUBO.

15. Ilyctp MHOkecTBO (dopmyn [' momHo u HempotuBOopeuuBo. Jlokazarh, 4TO
UL HOOBIX 3aMKHYTHIX (HE COAEp KaluX CBOOOJHBIX MNEPEMEHHBIX) (HOpMYyT
A u B Bepro: a) '|-A&B < I'|-A u I'|-B;

by ''-AvB < I'|-A wm I |- B;
) I'--A < ue(I'|-A);
d) I'-A->B < ue(l'-A)wm I |- B.

JloGaBuM B andaBUT HCUYUCICHUS TPEIUKATOB (DYHKITMOHAIBLHBIE CHMBOJIBI
f" (Xy,....%n) (n>0) © ompemenum HOBble BbIpaxkeHHs — TepMbl: (1) XiXo...-
TepMbr, (2) ecmm ty,...ty— TepMbl H T (Xy,...,Xn) (N>0) — yHKIHOHAIBHBI
cumBor, o " (ty,....th) - GYHKIMOHANBHBIT TEpM.
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WNuTepnperanusiMu  GyHKIIMOHATBHBIX CHUMBOJIOB SIBIISIIOTCS  OTOOpaXeHUS
(COOTBETCTBYIOIIIEH MECTHOCTH) Ha 3aJlaHHOUM TpenMeTHoW obnactum D=D.

16. Haiitn 3Hadyenms dynknuoHaipHoro Tepma t = f(f(x)) ma obmactm D={1,2}
U TOCTPOUTh MCTUHHOCTHYIO Tabnmiy ¢opmynsr P(f(x)) — Ix =P(f(f(x))).
17. Kakne m3 tepmos: (a) f(x,y), (b) g(w.y), (c) 9(z, f(x.y)), (d) g(y. f(h.x))
cBoOomubl s ‘X’ B dopmyine ‘YW (P(X,y) vaz Q(y,z) —» R(w))’?
18. [ycth X — mpou3BosibHAs TepeMeHHas U A(X) — Ipou3BosbHAsS (hopmyia,
t — TepMm, cBoOomHBI ans X B dopmyne A(X). Jlokazars, 4To

(@) FYX A(X) 2>A(), (b) FA(t)—>3Ix AX).

19. Ilycts dopmynsl I He comepkaT cBOOOJHO TEpEeMEHHON X U TepM t
cBobomeH miust X B dopmyne A(X). Jokazats, uro I' |- AX) =T |- A(t).

2.3 ®opmanbHasg apupMeTHKA

Omuimem Teneps GOpMabHYIO CHCTEMY, MMEIOIIYI0O OCHOBAaHHMEM HCYHCIIE-
HUE TPEIUKATOB, MPEIHA3HAUCHHYIO U (hopMalu3aluy 3JIeMEHTapHOU
TCOPUU YHCEIL.

Andasurt: (1)cumBonbl andaBuTa UCYUCICHUS MPEIUKATOB: MPEIUKATHHIC
OYKBBI, TIPESIMETHBIC TICPEMEHHBIC, JIOTHYCCKHE CBS3KH W KBAaHTOPHI;
(2) npenukaTHass KOHCTaHTa : = ;
(3) pyHKIIMOHANIBHBIC KOHCTAHTHI . ', +, ® ;
(4) npenmetHas koHctaHTa : 0 ;
(5) BcriomoratenbHbIe CUMBOJIHI & ( , ).
Tepwmui:(l)a,b,c,...- npenMeTHBIC MEpPEMEHHBIC |
(2) 0 — mpenMeTHasi KOHCTaHTA |
(3) ecm t, S—Tepmsl, TO t t+s, tes— TEPMBI.
®opwmyns (1) t=s,rae t, S— Tepmbl, - dIEeMEHTApHBIE POPMYJIBI;
(2) ecm A, B — popmyasr, To A&B, AvB, - A, A —> B, A < B,
VX A(x), IX A(X) — hbopMyIIbl.
AXKCHOMB M HMpaBHIa BBl BOJa:
(1) akcrombl McuuciieHus peaukatoB 1-12 u mpaBuio BeiBoAa MOdUS ponens;
(2) HenornyecKue aKkCHOMBI
13° (Axcuoma unoykyuu) (A(0)& Va (A(@) -» A(@))) — Va A(a),
rae  A(a) - mpousBosibHAs POPMYIIa;
14>.& = b >a = b;

! Akcromsr [Teano
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15, - (& = 0);
16°. a=b->(@a=c-b=c);
17°. a=b-sa =b;
18°. a+0=a;
19.. a+ b =(a+b);
20°. ae0=0;
21°. aeh=aeh+a.
TEOPEMA 1. |-a = a.
JlokazaTenbCTBO:
1. a=b- (a=c - b=c) (akcuoma 16)
2. 0=0-(0=0- 0=0) (akxcroma 1a)
3.(a=b- (a=c - b=c))-((0=0-(0=0-0=0) )-(a=b—(a=c-b=c))) (axcunoma
1a)
4. (0=0-(0=0-0=0))-(a=b—(a=c—-b=c)) (modus ponens)
5. (0=0-(0=0-0=0))- V¢ (a=b—(a=c-b=c)) (BBencuueVv)
6. (0=0-(0=0-0=0))- V bVc (a=b—(a=c-b=c)) (BBencuueV)
7. (0=0-(0=0-0=0))- V aVvbVc (a=b-(a=c—b=c)) (BBenenue V)
8. VavbVc (a=b-(a=c—b=c)) (modus ponens)
9. Va Vb Vc (a=b-(a=c-b=c))- VbVc (a+0=b-(a+0=c-b=Cc)) (ynancuueV)
10. VbVc (a+0=b-(a+0=c-b=c)) (modus ponens)
11. vbVc (a+0=b-(a+0=c-b=c))- Vc (a+0=a—-(a+0=c—a=c)) (ynancuueV)
12. V¢ (a+0=a-(a+0=c—a=c)) (modus ponens)
13 Vc (a+0=a-(at+0=c—a=c))-(a+t0=a—(a+0=a—a=a)) (ynaneaueV)

14, a+0=a—(a+0=a—a=a) (modus ponens)
15. a+0=a (akxcroma 18)
16. a = a (2 paza modus ponens).

TEOPEMA 2. |-a=b->b=a
TEOPEMA 3. -a=b&b=c-a=c.
TEOPEMA 4.|-a =bsa+c=b+c.
Jloka3aTeNnbCTBO KCIOIB3YET aKCHOMY HHIYKIIHU.
Hokaxem |- A(0) (rne AO)=a=b-a+0=b+0).
1. a=b (momyrieHue)
2. a+0=a (akcuoma 18)
3. b+0=b (akcuoma 18)
4. ?7=a+0-5(?=b+0-5a+0=Db+0) (akcuoma 16)
5 at0=a-a=a+0 (tecopema 2)
6 a=a+0 (modus ponens,2,5)

(? ectpb @)
7. a=b+0-a+0=Db+0(modus ponens 6, 4)
8. ?=a-(??=b+0-a=b+0) (akcuoma 16)
9. a=b-b=a(reopema 2)
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10.

11.
12,
13.
14.
15.
16.
17.
18.
19

20.
21,
22,
23.
24,
25,
26.
217,
28.
29.
30.
31.
32,
33.
34,
35.
36.
37.
38.

b=a (modus ponens 1,9)
(?? ecTb b)
b=b+0-a=Db+0(modus ponens 10, 8)

b+0=b-Db=b+0 (recopema 2)
b =b + 0 (modus ponens 3, 12)
a=Db + 0 (modus ponens 13, 11)
a+0=Db+0 (modus ponens 14, 7)
a=ba+0=b+0 (reopema nenykuuu 1, 15) (r.e. —A(0))
A(C) (zomymenne) (zoxaxem A(C'))
a=b (momymieHue)
a+c=Db+c(modus ponens 18,17)
a+c=(a+c) (akcmoma 19)
b+c=(b+c)
atc=b+c-(a+c)y=(b+c) (axcuoma 17)
(a+c) = (b +c) (modus ponens 19,22)
atc=(a+cy&@+c)y=(b+cy-a+c=(b+c) (reopema 3)
atc=(+cy&(@a+c)y=(b+c) (sBeneuue & 20,23)
a+ ¢ = (b + c) (modus ponens 24,25)
b+c = (b+c) - (b+c) = b+c (Teopema 2)
(b+c) = b+c' (modus ponens 21,27)
atc = (b+c) & (b+c) = b+c' (BBenenue & 26,28)
atc = (b+c) &(b+c) =b+c' - at+c'=b+c' (Teopema 3)
a+c' = b+c (modus ponens 29,30)
a=b - a+c' = b+c' (teopema neayxumu 18,31) (r.e. A(CY))
A(c) - A(c)) (teopema neayxuuu 17,32)
vc (A(c)-A(c)) (BBenenue v,33)
A(0)& V ¢ (A(c)»A(c)) (BBenenue & 16,34)
A(0)& V ¢ (A(c)-»A(c))-Vc A(c) (akcroma 13)
V¢ A(c) (modus ponens 35,36)
A(c) (ynanenueV,37).

TEOPEMA 5. |- a=b — aec=Dbec
TEOPEMA I'EJEJISAA (O nenonHoTe (hopMaibHON apuMETUKN).

Ecmm VA12),..., VAL |- ®, 0 VAy,..., VAL |= @. ObpaTHOE HEBEPHO.
(be3 nokazarenbcTBa)

Teopema ['enens o HEMOTHOTE MPUMEHMMA K JIO0OW PEKYPCHMBHO aKCHOMa-

TU3UpYyEMON cucteme, coxaepxaimie apupmeruky Ileano. Tem cambiM Henb3s

n30aBUTHCSI OT HEMOJIHOTHI apu(PMETUKH JT00aBJICHUEM HOBBIX aKCHOM.

2)

2

) 3amkHyTas opMmysia, MOJydarollascs HaBEIIMBAHUEM KBAaHTOPOB BCEOOIIHOCTH Ha BCE CBOOOHbBIE
MepeMEHHbIE (HOPMYIIBL.

2 Cm pasnen 2, rnasa 2.
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Ynpaoicnuenue
1. loka3ate Teopemsl 2, 3, 5.
2. JlokazaTh CIpaBeaJIMBOCTh 3aKOHOB KOMMYTAaTHBHOCTH, aCCOIIMATUBHOCTH M

€ 9

JTUCTPUOYTUBHOCTU JUISl Ormepanuii “+” u “e”,

3. Onpenensisi oTHOmIeHUE “X <Y’ dopmynor 3z (z#0& X +2=Y), nokaszarb
CIIC/TIOIIUE CBOWCTBA :

X<y—(y<z-—>x<2); X<x; X<x; 0<x;

X<y ——(y<X); X<y X <y,
X<Yy—o>X+z<y+z, xsy<—>x<y';

220 o> Xx+2>X; X<y—>(y<z->Xx<2);
X=YyVvX<yvy<X XSY&YSX—>X=Y,;

X#0—> yex2>Yy, y#0—> 3Jludlv(Xx=yeu+v &V<Yy).

4. TIlocTpouTh HECTaHAAPTHYIO MOJENb POpManbHON apu(MeTHKHU, 100aBUB B
ee anaBUT HOBYIO MIPEIMETHYIO KOHCTAHTY ‘C’ M MPUCOETUHUB HEIOTUYECKUE
akcuombl: €20, c=0’, ... . Jloka3aTb HENPOTUBOPEUUBOCTh MOTYUYEHHOW CUCTEMBI
IIpU YCJIOBHUH, YTO HEMpOTHBOpeuuBa (opmasibHas apupmeruka lleaHo.
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PABOEINN2 ANTOPWTM bl

lFmaBsal

AJI'OPUTMbBI U1 BBIYUC/IMMBIE ®YHKIIUN

AJITOpPHUTM €CTh TOYHOE MPEJANUCAHUE, COIVIACHO KOTOPOMY MO JIIO0OMY
BXOJIHOMY OOBEKTY U3 JIAHHOTO KJIacCa BXOAHBIX OOBEKTOB MOXKHO 3((HEKTHUBHO
MOJIy4aTh BBIXOJHBIE OOBEKTH. Hampumep, anropuTM HOeNeHUs EJbIX
(BEIIECTBEHHBIX) YUCEN “‘yraoM” WU aJTOPUTM YMHOXKEHHUS JABYX KBaJPaTHBIX
MaTpul] nopsiaka n. OrpaHUYUMCS OUCKpemHbLMYU TIPEANUCAHUSIMU, BXOIHBIC U
BBIXOJIHBIE JIAHHBIE KOTOPBIX MPEACTABISIIOT COOONW KOHCTPYKTHUBHBIE OOBEKTHI.
KoHcTpykTHBHBIE OOBEKTHI MOYKHO KOJHMPOBATH CIOBAMH B HEKOTOPOM ajiaBUTE,
OTCIOJIa CBOMCTBO Maccogocmu anroputMa. [loydrB BXOAHOE CJIOBO, alTOPUTM
yepe3 KOHEYHOE YHUCIIO IIeMEeHMAPHbIX WAa208 IOJDKEH TMOCTPOUTH BBIXOJHOE
CJIOBO M 3aKOHYHUTbH padOTy, WM HA JAHHOM BXOJIHOM CJIOBE MIPEANUCAHNUE BEIET K
OECKOHEUHOM TMOCIIEe0BATEILHOCTH 2JIEMEHTAPHBIX I11aroB, TOT/A aJIrOPUTM HE
OTNpENeICH Ha JOTOM CcjoBe. AJropuT™M JOJDKEH 00J1alaTh CBOMCTBOM
0emepMUHUpoOBaHHocmy, T.€. KaXIbIM DJIEMEHTApHBIM IIar oOmpeaessieTcs
npenplayniend cutyanuen. HakoHel, BBINOJHEHUWE BBIYMCICHUM ONPEAEISAETCS
TOJIBKO TpeAnucanueM (IIporpaMMoii) U HE 3aBUCHUT OT BHEITHUX (DaKTOPOB.

TouHoe (MaTeMaTHYECKOE) MOHATHE alNTopuT™Ma ObUTO HaHO A.ThIOPHHTOM B
1936 romy, KOTOpOE MOTYUYHUIIO Ha3BaHUE Mauiunsl Toopunea. A. TbIOPUHT MPUBEI
pSAI TOBOJOB B TIOJB3Y TOTO, YTO JIFOOBIE BBIUYMCIUTENBHBIC MPOIEAYPHl MOTYT
OBITH peaIM30BaHbI HA €0 MAIIIUHE.

TE3UC YEPYA — TBIOPUHI'A: Bce ummyumueno eviuuciumvie (yHKyuu

AGIAIONMCA 3¢¢€Kmu6‘H0 6blYUCTUMDBIMU.
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1.1. Mamuna Teropunra

Mamuuna Tpriopuunra cHabkeHa NOTEHIUATHLHO OECKOHEUHOM
naMsATbhIO - JICHTOM, pa3/ieIeHHON Ha sYeilku, TJie HakaruBaeTca uHdopmamus. B
KaXKJbIii MOMEHT KOJMYECTBO MH(OpPMALlMM KOHEYHO U HE MMEET BEpXHEH rpaHu.
Ha nenTe 3ammchiBaeTcsi BXOJHOE CIIOBO, YEpHOBas padOTa U BBIXOJHOE CJOBO.
Oto - cnoBa Hanx BHemHMM ajidasuroMm A. Y Hac andasur A = {0, 1}
npeHa3Ha4YeH U BblUMCIeHus apudmermaeckux pyukmmit 1 N*>N.
CoOCTBEHHO MalIMHa, KOTOpas OCYIIECTBIISIET BBIYMCICHHUE, MMEET KOHEYHOE
YUCJI0O BO3MOXKHBIX “‘COCTOSIHUN” — BHyTpeHHHH andaBut Q = {(o, (y,..,ds}, H
MPECTaBIAET cOo00M KOHEUHbIM CIMCOK mpaBui Bujpa: qa— bdg;, rme i= 1,...s;
J=0,....s; 6e{R,L,S}; a,b € A; ; 0;eQ. B xaxnoii siueiike padboueil 4aCTH JEHTHI
3amucaH OJIMH W3 CHUMBOJIOB BHEIIHETro andaBuTa. B kaxabplii MOMEHT BpeMEHU
t=0,1,... CYMTBIBAETCS COJIEPKUMOE OJHOM SYEHKU M, COTJIACHO KOMaHJIe Jia —
bdq;, cumBoN a 3aMeHsAETCs CUMBOJOM b M MPOHCXOIUT CIABUT Ha CIEAYIOLIYIO
sYCHKy, cooTBeTcTBeHHO, BrpaBo (R), BiaeBo (L), Ha Mmecte (S), mocne yero
yIpaBICHUE IEpeAaeTcs KoMaHie (jC — .. , TO€ C - CHMBOJ S4YEHKH, KyJa
cABUHYJACh TojioBKa. COCTOSIHHAE (o O3HAYAeT MPEKpaIIeHHe padOThl MaIIHHBI.

Mawuna Telopunea eviuucisem YacmuyHylo apugmemudeckyro @QyHKYuio

f(k)(Xl ,,,,, Xk), €cli MalmnHa ThlopuHra BCSIKWUH HaOop (a;, ...,ax )e Arg f
nepeGarsiBaer B unciao b=f(ay,...,a ). OYHKIHUI HA3BIBACTCS BBHIYHCIMMOI Ha
maruHe ThropuHTa, €CIIu CYIEeCTaBYEeT BRIYUCIISIONIAS €€ MAallliHA.
Jlns ynoOGcTBa BEIYMCIICHUH JOTOBOpUMCS 0O cienyromem: 0 Oyaer n3odpaxxarbes |,
1,cO0TBETCTBEHHO, - || W T.O. ; BBIYMCICHHMS] HAa4MHATh C JIEBOrO KOHLA CJIOBA,
3aMMCaHHOTO Ha JIGHTE MAIIMHBI, U 3aKaHYMBaTh B Hayajie 3aKIIOYUTEIHHOTO
CJIOBa, CTEpPEB TMPEABAPUTEIHHO UEPHOBYIO pPabOTy; KOPTEKH HU300pakaTh
Habopamu | ¢ mpoGernamu - 0.

IIpumepwr  6viuucnenuti na mawune Tvropunea :

L. “x+y 2. “rm(x,3)”: 3. ‘xx<y(x,y)”:

qll—) qul qll—) 0Rq2 d1 1> 1qu qGO—)OLq(:,
Q1 O—)ll_qz qgl—) ORq3 q10 —> OLqZ qgl—)lqu
J21-1Lq, J31—0Raq, 021— OLqs 030—0Sqy
g20— ORq3 041—0Rq; « 31— 1Rqq q7,0—0Rqgy
01— ORqy g.,0—>1Sq 040— ORqy 07;1—>0Rqg
Q41—) ORqo q 30—)1Lq2 Q4 1> 0Rq5

qa O—)ll_q?, * q51—) 1Lq6
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g:0—08q,,
dg1 — 15q, g,,0 - 0Lq,, 01l
(X<y){ds1— ORq, (x>y){a,,1 150, (x=y) {qs G
d,,0 - 1Sq,
q,0 — 13q, 0,31—0Lq,,
q130 - OSqS

1.2. YacTn4HO peKypcuBHbIe (PYHKIIUN

Bropoe HampaBiieHHE YTOYHEHHsI MOHATHS alrOpUTMa MPOXOJIWUJIO MO ITyTH
YTOYHEHHs] KJIacCa BBIYUCIUMBIX OOBEKTOB (BBIYUCIMMBIX (QYHKIUH U
paspemumMbix MHOXeCTB). Paccmorpum 3aeck cucremy  C.KnuHu - Kiacc
pPeKypCUBHBIX (QyHKIMH. Jloka3aHO, YTO BBIUMCIMMAs Ha MalluHe ThIOpUHTA
(yHKUUA SABISIETCS pEKYPCUBHOU U, HA000OPOT, I BCAKOM PEKYpPCUBHOW (PYHKIIMU
Haiinercs  BbIUMCIsAONIAs €€ MamuHa [biopuHra. 3To  TroBOpuUT 00
DKBUBAJCHTHOCTH JIaHHBIX OlpefeneHnid. B Hacrosmiee BpeMs HW3BECTHO
HECKOJIbKO DJKBUBAJICHTHBIX TMOHSATHH alrOpUTMa M BBIYUCIMMOCTH (MAaIIMHbBI
TeropuHra, HopMmasibHble adroputMbl MapkoBa, nponykuuu Ilocta, DpOpan-
['eneneBckoe MCUMCIEHHE PABEHCTB, YaCTUYHO peKypcuBHble (yHKuuu C.Knuau

up.) .
1.2.1. Knacc npUMHUTHUBHO PEKYPCUBHBIX (DYHKIIUI

HaunewMm ¢ onpeneneHust mpocTeuiero kiacca peKypCcuBHbIX (yHKIMA — Ki1acca
NPUMUTUBHO PEKYPCHUBHB X $YyHKI UK, CTpOALIETOCS U3
0a3uCHBIX (DYHKIHHA C TOMOILBIO BEIYUCIUMBIX ONIEPATOPOB.

basucnuvie npumumusno pexypcuenvie @yukyuu:  O(X)=0 (HyJIb-QyHKINA);

S(X)=x+1 (byHkus  crnemoBaHus); Iin(x pen X )= X (i=1,...,n)

n

(mpoekTupyromue GyHKINN).

Onepartop cynepnosunuu C[0,01,....0m] =T:
0™ 0, xS O X)) = K Xa).

(Xl,...,Xn)|-g§n)(xl,...xn) = y19--->g’g/’l/l)(x1>---,xn) = ym|'(y1’---’ym)|'

a(Y1,...,.¥Ym) = f(Xy,...,X,), ocTaHOB.
OnmepaTop NpUMHUTHBHOM pekypcun R(gh")=F"":

f(n+1)(0,x1,...,xn):g(n)(xl,...xn)

(n+1) _p(n+2)
f ) =h Ty xg e x (Y X e X))

(y+1, Xl""’xn
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(pexypcust BeIeTCsl TOJILKO TI0 OJJHOMY apryMEHTy | (PYHKIHUS Ha KaKJOM IIare
BBIUMCIISIETCS Uepe3 ce0s )K€ Ha MPEeAbIIYyLIEM I1are).
f(0)=a

f(y +1) =h(y, T(y))

B uwactHoCcTH, mins omHoMecTHON (yHkmmu f(y) = {

[Npumepbl MpUMUMUBHO PeKypcusHbIX yHKuuU (rpg)

1°. HenpaBummbHast Cynepro3uius (MOACTAHOBKA) IPUMHTHBHO PEKYPCUBHBIX
¢ynkmmii Takke 3amgaer [IP®. Ilokaxkem 3T0 Ha mpumepe (QyHKIUH

f(X,y,2) = 9 (9:1(X), 92(%,2), 93(Y,2)), cBOISA 3Ty CYNEPIIO3UIUIO K TPABHILHOM:
f(vavz) = g(gl(x)’ gz(X,Z),gg(y,Z)) =
= 9(0:(17 (xy,2)), G217 (x,y,2), 15 (Xy,2)), Gs(13 (x.y.2), 15 (Xy,2))) =

= 941 (x,y,2), 82 (X,Y,2), G5 (X,Y,2))-

2°. Beenenue (ymaneHne) (UKTHBHBIX [EPEMEHHBIX COXPAHSET NPUMUTHBHYIO
pexkypcuBHOCTh PyHkiwmid. [Tokaxkem Ha mnpumepe. Ilycte  f(Xy) — [IP® w

g(x,y,z) = f(x,y). Torma g(x,y,2) = f(xy) = (13 (x,y,2), 13(X,y,2)) umeer
NIPUMHUTHBHO PEKYPCHUBHOE OIIMCAHUE.

3% f(xy) = x+y
f(0,y)=0+y=y=13(y)

f(X+Ly)=(X+D)+y=X+y)+1=f(x,y)+1=s(f(x, y))=sl§’(x, y, f (X, y))’
. X—Y, ecama X=Y
4°. YceueHHas pasHOCTh X - Y = 0
- BIPOTHUBHOM CIIy4ac

Ceoticmea yceueHHOU pPA3ZHOCMU:

(1) x ey = S(x) & S(y)

(2) x+(y e x)=y+(X oY)

(3) x e (ytz2)=(X o y) & 2

(4) Xoy)ez=(xe2)ey

Joxaxkem cBoiicTBo (3): Muaykius 1o Y :

basuc y=0: xe (0+z)=Xx @ z=(x ¢0) ez

WuaykinoHHbsli mar: X @ (y+z) = (X o y) ® Z (MHAYKIIMOHHOE OMYILNEHHUE).

JlokakeM paBeHCTBO . X @ (Y+z) = (X oy ) e Z (‘y’ - GUKCHPOBAHO).
Wunyknus mo X (BHYTPU HHIYKIIMOHHOTO IHara o Y):

Basuc: x=0: Oe(y +z)=(0ey )eO0.
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WHAYKIMOHHOE JomylieHre mo X: X e (y +z) = (Xey )e z (X,)y-—
(bUKCHPOBaHHBIC).

JlokakeM 1mst X © X o(y +2z) = X e S(y+2z)=(mo cBoiictBy 1) X e (y+2)=
(Mo MHIYKIIMOHHOMY JONyHmeHuIo 1o Y) (X ¢ y)e z;

(X ey )e z=(mo cBoiictBy 1) (X ® y) e z.
TakuMm 06pasoM, It BCex X. X o(y +z) = (X oy )e z,
OTKyHna g Bcex Y. Xeo (y+z)=(Xey)ez, u. T 1.
Jokaxem [IP®, npencraBidromel 4acTHbIM Cilydall yCEYEHHOW pPa3HOCTH:
X—=1 ecmmx=>1
0, ecmx<1

J(X) = x llz{

J(0)=0-1=0
Jx+D) = (x4 D)1= (x+D)-1=x=12(x,J(x))
[IpMMUTUBHO PEKYPCHBHOE ONMCAHUE (PYHKIMH X ® V!
X o0 =x=I'x)
X ey =xe (ytl)=(X o y) 1= J(Xx o y), manee u3 npumepa 2°.

5°. Moyib pa3HOCTH | x - y | - TIP® (cM. yrpaskHEHHE).

0 ILx>0 _
7°. sg (X)= 0.x—0' 9 (X) =1 ex - I[IP® (cMm. ynpaxxHeHHE)

8°. Ocratok ot menenust ‘X’ Ha ‘Y’, T.e. rm(X,y)— [IPD :
m(0,y) =0

O,eccmmn y-tm(x,y) =1
mu(x+1,y) =

MmMm(x,y)+l,ecmmy-rm(x,y) =1

= S(rm(xy)) sgly—S (rm (xy)).

9°. 1 (X)—umcno menuTenell umcia X - IIPD (cM ympaskHeHHe).

Onepatop MuauMuszanuu (p-omepartop): ulg]=f*
f(Xq,....%0) =1z (g (Xqg,...,Xn,2) =0)

=0,ocmanos

(X1,---,Xn) |‘g(X1’---’Xﬂ’0) ¢0—g(x vy X 1) =0
P 2 0-g(Xy e X, 02) 1m0,
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Ota mporeaypa MOXET ObITh OECKOHEYHA, TOT/IA MOSBIISIOTCS TOYKH Pa3phiBa,
T.C. | - OlepaTop MOXKET TMOPOXKIATh HE BCIOAY OIpeaAelicHHBbIC (YHKITHH.

OrpanumdeHHB U p-omepatop: f(X,....Xn) =pnz<a(@Xy,. .. Xn,2)=0).
3ametuM, uto ecoim Ha wuHTepBaye [0, a] mmsa Bcex z g(Xy,...,.Xn,Z) # 0, TO B
Touke (Xi,...,Xn) GyHkmms f(Xy,...,X,) MoxeT ObITH goompeseicHa (B OTIUYHE
OT ciay4as 3amdaHus (QYHKIUH IOCPEACTBOM IPOM3BOJIBHOTO | - OIepaTopa,
r7Ic B 3TOM Cly4ae MOXET ObITh HapyllleHa OJHO3HAYHOCTH (PYHKIIUH).
10°. OrpaHnueHHBIH |1 - OIEPATOp ONpEIEISACT MPUMHTHBHO PEKYPCHBHBIC
¢yskun. Jlokaxem Ha npumepe pynkmmm f (X) =pz<a (g (x,z2) =0):

g (x;0) =0

g (x,0)g (x;1) #0

0 (%.0)g (X.1)...q (X, i) =0

g (x,0)g (x.1)... g (x.a)
a J
Torma f(x) = uz<a (g (x2)=0) = 2.s&] [g(x:1)
=0 =0
Mmnoorcecmso (omnouwienue, npeouxam) Ha3bIBAIOT HPUMUMUBHO PEKYPCUBHBIM,
eciu makoea e20 XapaKkmepucmuyeckas QYHKYusl.
11°. CBoiicTBO ‘GBITH IPOCTHIM YHCIOM’ MPEACTABEMO MpeaukatoM Pr (X) =

(t(X)=2)=(t(X)-2/=0), T.9. Ypr (X) =59 |t (X) - 2|, T.e. Pr(x)—IIPII,
Ilocneoosamenvrocme npocmoeix uucen. Po=2,P; =3, P, =5, P3 =7, ...
12°. 7(X) - 9HCII0 MPOCTHIX HHCEI, IPE/IMIECTRYIOMEX X, —[IP® (CM. yIpaxHeHHE).

13°. ®ynkmms P, = P(n) - (n+1)- e mpocroe umcio - IIP®:
Por = 1z< 22" (@) = n+2) = nz<22""" (In(2) - (+2)| = 0).
ITokaxxeM, uto Py < 22V X

Po< 2%
p,< 22
000
p,< 22"

+1

JlokaxeM, 910 Ppyq < 2% NIEPEMHOXAsl BBILIECTOSAILNE HEPABEHCTBA:
0 1 n
P,P,...P <2% .27 ...2%

P,P...P +1<2% .27 . .27 11
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1(2"-1)
o . n n n-+1
—D2 A28y Qo2 11 _92 211 4 1=2?% 4+1<2? , TAK 4TO

(n+1) .
PoP;...P,+1< 22 .T.x. g Beex J=1,..,n P; e memur PyP;..P,+1, mpexn-
craBienne PoP;...P,+1 B Bujae mpousBeneHUs] CTENEHEH MPOCTBIX YHCEN

n+l1

HaunHaeTcs: ¢ Hekotoporo Py rme K>n+1, t.u Py, < PoPr...Py+ 1<

14°. Tycts N = poao Pkak Pn?m , To ak=exp(nk) —Ipd.

Jns noka3arenbCTBa BOCIOJB3YEMCS OTPAHUYEHHBIM [l - OIIEPATOPOM:

ax = exp(n,k) = pz<n (sg(rm(n, B**)) = 0).

15°. X =y, X <y - [IPO (cM. ynpakHeHue).

16°. Koneunoe MuOxecTBO - [IPM. ITokaxkeM 5T0 Ha IIPUMEPE MHOXKECTBA
O,ecmx=avx=Dh

A={a,b}. Ero xapakrepuctnueckas GpyHkuus XA (x) = {l,ecnn ~(x=avx=b)

Takum oGpazom, ya(X) =sg (|x - a||x - b|) - TTPD.

TEOPEMA. Kiacc mOpUMUTHBHO pEKYPCHUBHBIX  MHOXECTB (OTHOIIICHUM)
3aMKHYT OTHOCUTEIBHO omnepanuii N,U, — (nononnenue). T.e. ecnu A,B - T[IPM,
to ANB, AUB, A - IIPM.

JokaszatenbcTBO mnpoBeaeMm mii U . {AUB -TIPM&ya g - TTPD)

1 AB - IIPD

2 Ya, A - [IP® (1o onpenenenuro [IPM)

3. xeAUB &> xeAvxeB <> xa(X) =0 v xs(X) = 0 & xa(X)xs(X) =0,

T.€. YauB(X) = xa(X)-%8(X) — TIPD.
TEOPEMA. Knacc IIPII 3aMKHYT OTHOCHTENBHO &, V, —.
HoxaszartenbcTBO mpoBegeM mit & @ P(X), Q(X) - [IPII, t.e. yp, %o -
I[IP®. Torna Ar&o = SO (Xp +XQ) - [IP®.

17°. TIpUMHTHBHYIO PEKYPCUBHOCTH (DYHKIIMH - KOHCTAHTBI Cg (Xpyeen X,) =0

MOJKHO JIOKa3aTh MHAYKIHEH 1Mo N (CM. ympakHEHue).
TEOPEMA. Knacc IIPII 3aMKHYT OTHOCHTEIBHO OIPAaHUYEHHBIX KBAaHTOPOB.

JHoxkaszatenbcTBoO. P(X)-IIPII, mokaxxem ITPIT 3Ix<a P(x):
P(0) = P(Cy(x))
P(1) = P(C;(x))

P(a) = P(C;(x))
Ix<a P(x) ~P (0) v...v P (a), uTo 1m0Ka3bIBae€T MPUMHUTHUBHYIO PEKYPCUBHOCTh
OrPaHMYCHHOTO KBaHTOpa J. (AHAJIOTUYHO JJIsi OTPAHUYEHHOTO KBaHTopa V).
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Bozepamnas pexypcus

Oynxuus f (X ,....X,,y) nomydaercs u3 ¢ynxumit g°, h™*™

8036pAMHOU peKypcuel, €CIIM OHA OINPENEJICHA CXEMOW:
f(x,,.,x_,00=q(x,,..., X
(e X 10) = (Ko X, )

f(xl,..., Xn’ y+1)= h(xl,..., Xn’ y, f (Xl""’ xn,al(y +1),..., f(xl,..., Xn’aj (y+D)).

Ag,. ..,

rae pynkmun o (y+1) <y (i=1,...,J)) 3a7al0T OOUH W3 NPEIABIAYIIUX IIaroB.

TEOPEMA. BosBpatHas pekypcusi CBOAMTCS K IPUMHUTHBHOM PEKYpPCUH, T.C.
(GyHKIIMS, 3a1aHHast BO3BPATHOU PEKYpCHUEH - MPUMHUTUBHO PEKypPCHBHA.

Joka3zaTtenbcTBO. Beaém BcnomoraTenbHy (GyHKIUIO

y .
F(X, X, Y) = H Pif(xl """ b [Tokaxxem, uro F(Xy,...,Xn,Y) — [IPD,
i=0

otkyna f(Xy,...,.XnY) = exp (F(Xy,....Xn,Y),y) Ttarxxe ITPD.

F(X,..., X,,0) = P 00200 — pataX) — G(x ..., x )

1 Mny
y+1

F(Xl,...,Xn, y—|—1) :Hpif(xl ..... X)) _ F(le--’xn’ Y)Pyigxl ..... Xn Y1) _
i=0

Ph(xl""'xn!vaXp(F(Xl!'--»Xnvy)lal(y"'l))v---veXp(F(Xli---;Xn1y)1aj(y+l))) —

F(X5e0 X, YIRS

=H(Xy,...,.Xn,F(X1,...,Xn,Y)) . Taxum obpasom, F(Xy,...,Xn,Y) — IIP®, 9.T.1.

Ilpumep (yHxuuu, 3agaBaeMoil BO3BpaTHOM pekypcuei - uncia GuboHayyu:
F(0)=1, F(1)=1, F(n+2)=F(n)+F(n+1).

Ynpaowcnenue

1. Tloctpouts MammuHbl ThlOpUHTA, BRIUUCTSIOMKE QyHKIMH: 20X, |X -Y|, SO X,
max (x,y), min (x,y), xey, [x/2], [Vx], [x/y], Xey.

2. Tloctpouts MammHbl ThIOpHHTa, BeIUKCHsIONMe npocteimue [1P®: O,S, I,
¥ MalllMHBI, MOJEIHMPYIOIIUE OIepaToOpbl CYNEPIO3UIUH, MPUMHUTUBHOU
PEKYPCUH M OTPAHWYCHHBIA |l - OTIEPATOP.

3. Iloctpouts mammHbl ThIOpWHTA, pa3periaroiie OTHOMICHHS: X =Y, X 2>V,

X+2<y, ‘X—uernoe’, ‘3 menut X’, ‘X=y(mod4), ‘Xe3=y’.

Jlokaszath, TOTAIBHOCTH (BCIOAY orpeneneHHocts) [TPD.

JlokazaTh MPUMHUTHUBHYIO PEKYPCUBHOCThH QYHKIIUI U3 TIPUMEPOB 5°,6°,7° 9°,

10° 12°14° 16°17°, 19°.

6. Jokazarp, uto ¢yukuuu f u g—I1PD, ecnu pynkiuu hy, hy — TTPD:

o s
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f(0)=4a,9(0) =b,
f(x+1) =h(x, f(x),9(x)),
g(x+1) = h,(x, f(x),9(x)).
7. Hokaszate [IP®: d (X,y)(Hom) u K (X,y)(HOK).
8. Joxkazarp ITP® long(X) — Homep HawOOJBIIETO IPOCTOTO JCITUTENS X.
9. Jlokazatsk, uto rpaduk [IP® ects [TPM.
10. Jlokasath, uTo cymma jAenuTeneit uncia ‘X’ ectb [1PO.
11. JlokasaTh, 4TO YHCJIO TMPOCTBIX AeaHUTeNe uucina ‘X’ ectb [IPO.
12 .JlokaszaTh, 4TO MHOXKECTBO 3HA4YCHHU Bo3pactaroniei ¢yHkiuu ectb [TPM.
13. Jloka3ath, 4To Bcsikasg IIP® moxer ObITh modydeHa u3 QyHKIuA S(X),
q(X) = xe[vVx]* ¢ mOMOMmBIO Omeparyil MOICTAHOBKH, UTEPALIAN
CIIOKCHHS TBYX QYHKIUH (meopema Pobuncona).
14. ¢ 1(X1,....Xp), ecmu fi(Xy,....Xn) =0,

00x) = e
¢ s(Xq,...,Xp), ecmm fg(Xg,...,.xp) =0,
rae ¢p... @sfi,....fs—[IP® u Toapko omuo u3 ycmoBuit  fi(Xy,...,.X,) =0
(i=1,...,s) mmeer mecro. Jlokazath, uto ¢ — [IPD.
16. Knace ¢ynkumit, crposmmxca u3 npocteiinmx ¢ynxouii O,S, 1" mocpenct-
BOM OIIEpaTOPOB CYIEPIIO3ULMN, TPUMUTHBHON PEKYPCUM U ‘TOTAJIBHOIO’
LL -oTIepaTopa, Ha3BIBAIOT 00ujepeKkypcusubvimu( pekypcusHbiMu) QyHKyusmu.
Jlokaszarh, YTO CYIIECTBYET B TOYHOCTH No PEKYPCHBHBIX (YHKIIHH.
17. PacemotpuMm pyuxyuu Axxepmana A(X), B(X,Y):
B(O.y)=2+y,
B(x+1,0) = sg(x),
B(x+1,y+1) = B(x,B(x+1)y)), rme A(X) = B(x,X).
HaszoBem Tortanbhyro ¢yHkiuio (X ,...,.X ) B—mascopupyemoii, ecnu
HalIeTCsl HATypajJbHOE YHUCIO M TaKoe, 4YTO
f(Xy,....x 1) <B (M, max (Xy,....X n)).

u

Jloka3aTh,4To

a) B (X,y) u A(X) oOmiepekypCHuBHBI;

b) B (n+2, x+1) >2**"*;

c) B (n+1, x+2) > B (n+1, x+1) ;

d) B (n+2, x+2) > B (n+1, x+3) ;

e) [IP® B — maxopupyemsi;

f) ¢yakmus A(X) we sBiasercs [TPO.

18. ITycts f— omHomecTHas ¢yHkuus. Jlokasars, uto f— BblUKMCIMMA T.H T.T.,
korma {2°3'™ :x e Arg f} — PIIM.

Y §(0)=0, f(x+1)=g (f(x))
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Kanmopoeckasi Hymepauyus

Kanmopoeckass nymepayusi eCTb HyMmepamusi map W N - OK HATYPaJbHBIX
ypcell. PacrmoyiokuM  yrmopsiIoueHHbIE Mapbl HATYPAIbHBIX YHCEN B IOPSIKE
BO3pAcTaHHss CyMMBI HMX YICHOB, a B TpyIMIaXx C OJUHAKOBOW CYMMO# - IO
BO3pPACTaHHIO MEPBOTO YICHA:
(0,0)<(0,1)<(1,0)<...<(0x+y)<...<(X.¥)<...<(x+Y,0)<...

S=0 S=1 S=x+y

Yucno wieHOB B rpymme ¢ cymmoir S paBHOo S+1. O6Go3Haumm yepes C(X,Y)
KaHTOPOBCKHI HOMEp Mmapbl (X,Y), KOTOPBIH paBeH YMCIIY Map, MPeaIIeCTBYIOIINX
nape (X,y). Takum o6pazom, ¢(0,0)=0, ¢(0,1)=1, c(1,0)=2,...,

c(X,y)=1+2+... +(X+Y)+x=(1+x+y) (x+y)/2+x=C §+ st

ITokaxxem, uro otoOpaxenue C:NXN—->N B3auMHO OJHO3HAYHO  «HaY.
OnHo3HavyHOCTh C(X,y) oueBuiaHa, T.K. (X,y)=(a,b)<>x=a&y=D, orkyna
c(x,y) = c(a,b). [okasareapcTBO 00paTHOW OJHO3HAYHOCTH GYHKIUH C(X,Y)
poBeaeM cpeacTBaMu (HOpMaTbHOW apu(PMETHKH, ONMpeAeIisis OTHOIICHHE X>a
dopmymoit Ir (r>0&x=a+r). Jlokaxxem uMIuHKaiuio: ¢(X,y) =
c(a,b)—>(x,y)=(a,b):

1. c(x,y)=c(a,b) (momymeHnue)

2.C? +x=C? +a

x+y+1 a+b+1
3. (x,y) # (a,b) (momyieHue TPOTUBHOTO)
4. -(x=a&y=h)
5.Xx#avy=#b (mo3akony ae MopraHa)
6a. X # a (momyieHwue) 60. y # b (monymienue)
7a.X>avx<a 76. y<bvy>hb
8a'. x>a (nonymenue) 8a'’. x<a (momymieHue) 86. X=a(monymieHNUe MPOTHBHOTO)
9a’. Ar (r>0&x=a+r)

10'a". r>0&x=a+r (momymieHue) ooo
11'a". r>0 (ynanenue &) (manee, kak Ha BeTke (a),
12'a’. x=a+r (ynanenue &) MojiydyaeM NpOTUBOPEUNE)
rnt 2 _ 2 =
13'a’. Ca+r+y+1+a+r _Ca+b+1+a 96. x = a (BBe1.—, YaaL—)
143.C* +a+r=C? +a &c=atr+y+1  106.C?2 +a=C2 ta
c a+b+1 a+y+1 a+b+1
) 2 _ 2
159, C2+r=C2 116. C> =C?
16'a’. C*<(C? 126. y=b
c a+b+1

17'a’. C62+r<C3+C=CCZ+Ci=CfH 136. npoTuBopeune

18'a’. C? <(C?

a+b+1 c+1
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19'a’. at+r+y+l<a+b+1l (u3 16'a’ u cBOICTB Cj)
20'a’. y+r <b (u3 19'a)

21'a’. 3s (s>0&b= y+r+s)

22"a'. s>0&b=y+r+s (momyieHre)

23"a'. s>0 (ynanenue &)

24"a". b=y+r+s (ynanenue &)

25"a'. C? =(? =C? &s>0
a+b+1 a+r+y+s+1 c+s

26" a.C? <C? &s>0(u318%a u25"a)
C+s c+1
27'a’. npotuBopeune (ynar.3,21'a’)
28 a' mpotuBopeure (yman.d,9a’) 28a”. mporuBopeune (MOJYYCHO Kak Ha a')
29a. mportuBopeune (yaan.\v,7a)
30. mpotuBOpeUne (ynanenuev, 5)
31.(x,y) = (a,b) (BBencHME — ,3, yaan.—)
32 c(x,y) = c(a,b) > (x,y) = (a,b) (BBex.—,1,31).
[MTokaxxkeM, uTo C(X,Y) ecTh oTOOpaXkeHHe «Hay, T.e. VNeN J(X,y) n = c(X,y).
Jloka3aTenpCTBO MPOBEIEM UHAYKIMEH I10 N.
basuc: n=0 — ¢(0,0)=0, n=1— ¢(0,1)=1.

Wuayknuorssii mar: n = ¢(X,y) = C? +x (MHIYKIHOHHOE JAOMYIICHUE)

x+y+1
_ 2 _ 2 — _
n+1_CX+y+l—i—x+1_C(X+1)+(y_1)+1—I—(x+1)_C(x+1,y 1),
eciu y>0.
(2 _ (2 — (2 _ —
n+1—Cx+1+x+l—Cx+2—C0+(x+1)+1+0—c(0,x+1), eciu y=0.

Obpammuvie kanmoposcxkue Gyuxyuu 1(n), r(n), toe ¢ (1(n), r (n)) =n,

I (nN)< n,r(n)< n. Kak cinenyer u3 ux omnmcanus B [3], oOpaTHBIE KaHTO-
poBckue ¢pyukmuu | (C (X,y) ), r(c(X,y)) TpUMHUTHBHO PEKYPCHUBHBI.
Omnpexnenum 1o UHAYKLIUU KAHMOPOBCKUe YHKyuu Oisi Npou3eovHol N-Ku:

C"™(Xq,eee Xne1) = € (€" (X1ye ;X 1), X ne1).  Eemm € (Xy,...,Xn) = Z, TO
Xn=r(2), Xna=rl(2), Xno=rl1(2),... Xo=rl..1(2), x¢=1..1(2).
n-2 n-1
Ynpaorcnenue

1.I0ycte m (X, Yy) =2 (2y+1) -1. ITokaxure, 4TO T €CTh BBIYUCIUMAS OUEKIMS
3 N°BN u 4uro o6paTHble (GYHKIMH T, T, Takue, 9to 7t (71 (2),7m2 (2)) = z,
TAK)Ke BBIYUCITHMBI

2. Jlokaxxute, 4TO BBIYMCIMMYIO HyMEpaluio T N-OK MOXKHO 3a1aTh Kak

T (A1,...,8n) = 281 + a1+ A+l 4 pay+a,+as+2 +, + 2agT...+a,+(n-1).
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1.2.2. PekypcHBHO NEpEYNCINMbIE MHOKECTBA U MPEAUKATHI

Krnacc ¢yHKIMEA, MOCTPOCHHBIX W3 0a3uCHBIX (QyHKIUH 0(X), S(X), I (X, X, )

(i=1,...,n) ¢ momomipio oneparopoB C, R, W, Ha3bIBacTCs KIACCOM HYACMUYHO
pexypcusrvlx @yukyui (YPD). Ecnu orpaHHunTBCS TOTAIBHBIM L - OMIEPATOPOM
(TOpOXKIAIOIIUM TOTAJIbHBIE (PYHKIMH), TO MOJIYYUM KJIacC BCIOAY ONPEIEICHHBIX
YPD unu obowepexypcusnvix gynxyuti (OPD).

TE3UC YEPYA-KJIMHU: Jlro6asi UHTYUTUBHO BbIYMCIMMAsT QYHKIUS SBISETCS
YAaCTUYHO PEKYPCUBHOM (DYHKITHEH.

[Togo6GHO TOMY, KaK ¢ MPUMUTHUBHO PEKYPCUBHBIMU (PYHKIIUSIMU OB COOTHE-
CEHBbl MPUMUTUBHO PEKYPCHUBHBICE MHOXKECTBA (OTHOILIECHUS U MPEAUKATHI), TAK U
C YaCTUYHO PEKYPCUBHBIMU (OOIIEPEKYPCUBHBIMU) (DYHKIIMSIMU COOTHOCSITCS
PEKYPCUBHO MEPEUUCIUMbIC (PEKYPCHUBHBIC) MHOKECTBA (OTHOILICHUS 1
MIPEUKATHI).

MHuoxecTBO (OTHOIICHHE, TPEIUKAT) HA3BIBAIOT PEKYPCUBHO NEPEUUCTIUMbIM,

ecim Haiaercs [IP® (¢ Takas, 4TO COOTBETCTBEHHO
XAy (@ (x,y)=0) (P(X) <3y (g(xy)=0)

YTBEPXIEHHME 1. Bcsikoe TpUMUTUBHO PEKYPCUBHOE MHOKECTBO (MpPEIUKAT)
ABIIIETCS PEKYPCHBHO MepeuuciuMbiM. OOGpaTHOE HE BEPHO.
HoxaszaTtenabcTBso. [lycTh A — NPpUMUTUBHO PEKYPCUBHOE MHOKECTBO,
Torja ero xapaktepuctudyeckas QyHKius ya - [IPO u Xe Ao ya (X) =0. T.x.
nocnearee KBHBAIEHTHO YA (X)) =0& Iy (X=y) ©IY (xa (X) =0 &X =y)>
Fy (a () =0&Ix-y[=0)>3y o (X Y), rae ¢ (X,y)—IPD, o A- PIIM.
TEOPEMA. (1) Kimacc pexkypCHBHO MEpPEUHCIMMBIX MHOXKECTB 3aMKHYT
OTHOCHUTENBHO OIlepatuid M, U.
(2) Knmacc pexypcMBHO TEPEYUCIUMBIX MPEAUKATOB 3aMKHYT OTHOCHTEIHHO
omepauuii &, v, 3.
HNoxazatenasbctBo. (1) Ilycts A B —PIIM, nokaxem mis ANB:
XeANB & xeA & xeB 3y (g (X, y)=0) &3y (f(X, y)=0) (rue f, g — [IPD) <>
Ay (@ Yy)=0&3z(f(x,2)=0)«>3IFyIz(g (X, y)=0 & f(x, 2)=0) &
dn(n=c(y,2) &g X 1(n)=0&TF(x,r(n))=0)«<>3n(g (x| (n))+f(x, r (n))=0)
< 3n (D (x,n) =0), rne ® — [1PD, kak cyneprozurus [TPD.
(2) Mycts P(X, y) — PIIII, mokaxkem st 3y P(X, y): P(X,y) < 3z (f(x,y, 2)=0),
to AYP(X,y)3IyFz(f(X,y,2)=0)«>3In(n=c(y,2) & T (x, | (n), r(n)) =0)
<> dn O(X, n)=0), rae ® — [TPD, xak cynepnosuius [1PD.
YTBEPX/JEHUE 2. Ecau f— ITP®, 1o Val f — PIIM.
YTBEPX/JEHUE 3. Ecniu f — [IP® wu f — moHoToHHO Bo3pactaer, To Val f —
[TPM.
Jloka3zaTenbCcTBO TnpoBeaeM musi ciydas, korga Val f Geckoneuno.
Honyctum, uro —3 Xy (y =f(x)). Torma VX (x>yvy=f(x)), T.e.
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VX(y=f(x)> x>y). Bumy Toro, yro pyHkius f MOHOTOHHO BoO3pacraer,
X>y—>FfX)>f(y) mmx>y=1(x)>f(y)=ff(X). Orcrona x>y = f(x) > ff (x)
>fff (X) m 1.0, Tak uro Ha KoHeuyHoM mHTepBane [0, Y] pacmonaraercs
OCCKOHEYHO MHOT'O HATypaJbHBIX YHCEN, YTO COCTAaBJISICT IPOTHBOPEUHE.
CnenoBarenpio, YeValf <> 3Ix<y (y = f(x)), t.e. Val f—IIPM.
TEOPEMA (H. u 0. ycnosue pekypcusHotl nepewuciumocmu muoxcecms). Ecmm
Az, to A—PIIM < I f-T1PD (A =Valf).
HokaszartenbcTBo. dano, uto J#A u A—PIIM. Torma beA.
HomyctuM, uto X€A, torma mo ompexaeneHuio PIIM, XxeA<>3y (g (X, ¥)=0),
rne g — [IP®, orkyma wumeem 3y (g (X, ¥) = 0). Tak kak HaWgeTcs VY,
yIOBJICTBOpsIONME ypaBHeHHIO ( (X, Y) =0, To HalaeTcs HaMMEHBIIUN TaKOH,
a mmeHHO Z=uY (g (X,y)=0). ITo mape (X, z) Berumciasiem t=c(X, z) (k.H.).
Ionoxum f(t) = 1(t)sg g (I (), r (t))+ b sg gl (t),r (t)). OueBuano, uro A = Val f.
Oopatno, ecnmu A=Val f, rae f — I[TP®, To, mo yrBepkacuuio 2, A — PIIM.
TEOPEMA (IIlocma). Eciu mHoxectBa A, 4 — PIIM, Tto A, Torma u 4, -
PEKypCHUBHBIE MHO>KECTBA.
JloxazaTenbcTBoO. MuoxectBa A, 4 — PIIM, mo3ToMy CyLIECTBYIOT
[IP® f, g Ttakue, uto XeA <> Ay (g (X, y) =0), xed <3y (f(x,y)=0).
Oyuxkmus h (X ) =py (F(X, y¥)9 (X, y) =0) - OP®D, T.k.f (X, ¥)g (X,y)=0 ompe-
aeneHo s Jroboro X. Torma, oueBumno, ya (X ) =sg f (X, h(x )) — OP®,
ciefoBaTeabHO, A — pPEKypCMBHOE€ MHOXeCTBO. OOpaTrHoe€  BEpHO MO
YTBEPKICHHUIO 1.

Ynpaosicnuenue

1. Ilyctes f - ogHoMectHass UPD, Ac Argf (oGmacte onpenenenus f) u g =
f|A(orpaHquHHe Ha A). Jlokaxwure, uto g — YPD 1.u 1.T., korma A ecTh
PIIM.

2. Ilycts f— omnomectHast ¢dynkiwms. Jlokaxwure, yto f— UYPD 1.1 T.T., KOTHA
{2*3™™: x e Arg f} — PIIM.

3. Jloka3aTh, 4TO Kaxa0oe OEeCKOHEYHOE PEKYypCHBHO MNEPEYHCINMOE MHOKECTBO
MEePEYUCIUMO HEKOTOpOoW obmepekypcuBHON 1-1 — QpyHKIIMEH.

4. JlokazaThb, 4YTO MHOXECTBO, [MEPEUYUCIMMOE CTPOTO  BO3paCTaOIIEH
o01IepeKypCUBHOM (DYHKIIMEH, PEKypPCUBHO.

5. JlokazaTh, 4YTO eciu JaBa MHOXkecTBa A m B oTiIMYaroTCs KOHEYHBIM
YUCJIOM 3JIEMEHTOB U OJHO M3 HUX PEKYPCUBHO MEPEUUCIUMO
(peKypCUBHO), TO TaKOBO XK€ W JPYroe MHOKECTBO.

6. JlokazaTrb, 4TO BCSAKOE PEKYPCHUBHO TNEPEUHUCIUMOE MHOXKECTBO COACPKUT
OECKOHEYHOE PEKYPCUBHOE MOJIMHOXKECTBO.

7. llycte  f — TtoTaympHas BbIYMCIUMAsT  QyHKIIHS, A — pekypcuBHOE
MHOECTBO,

B — PIIM Iloka3ath, uto MHOXecTBO f ' (A) PEKYpPCUBHO, & MHOXECTBA

60



f(A), f(B) u f (B) - PIIM, HOo He 00s3aTenbHO peKypcHBHBL UTO emie
MOYKHO CKa3aThb 00 3TUX MHOXecTBax, eciu T ecTh Ouekims?

1.2.3. [lopokieHHBIE MHOXKECTBa

Aneebpoti Ha3BIBAIOT HEITYCTOE MHOXXECTBO A#(J ¢ ONpencIieHHBIMA Ha HEM
yacTrunbiMu oneparmsamu F™: A A,

HemycToe mogMHOKeCTBO MHOKeCTBa A, 3aMKHYTO€ OTHOCHUTEIILHO OTepaIui
anreOpsl A, Ha3bIBaeTCA noodaneedpotl aneeopvi A.
YTBEPX/EHUE. ITycts @#VcA u {A;: iel} — cemeiicTBo moganreOp anreOpsb

A, comepxarux noaMuoxectso V. Torna (] A4, ecTh HauMeHbIas moganreopa
iel
anreOpbl A, coaepxkarias moAMHOXKeCcTBO V, o0o3HaumM ee udepe3 <V>,
JlokazaTeabcTBO (CM. yIpaKHEHHE).
TEOPEMA. <V> = T,rne T - MHOXeCTBO BCeX 3Hau€HUU TepMOB B A.
Jloka3zaTeabCTBO (CM. yIpaXHCHHUE).
TEOPEMA. MnuoxectBo <V>, nopoxaeHHoe PIIM V ¢ noMouipio KOHEYHOM
cucremel [IP® {F;:i=l,...,5}, Oymer PIIM.
Jloka3zaTenbCTBO.
1. Mycrte V — PIIM, torna cymectByer [IP® v Takas, uto V =Valv.
2. <V>={t(ay,...,ax): &,...,a x €V}, Wim, yuutsiBas 1,
<V>= {t (V(bl),...V(b k)): b1,...,b ke N}
3. BakommpyeMm V - TepMbl: Kkox Tepma V(D) ects 3°:
xon F; (tl,...,tmi) ecTh 2'- plcl...pml,cmi ,
e Ci,...,Cm, COOTBETCTBEHHO KOIBI TEPMOB li,....tn (1=1,...,5).
OdeBHUIHO, YTO HE KaXK0€ HATYypaJIbHOE YHCIIO SBIISICTCS KOJOM V-TepMa,
HO JICKOJIMPOBAHUE OJTHO3HAYHO.
4. Crpoum ¢ynkiuio f takum obpazom, uto f(n) ecth 3HaueHHWe V-Tepma ¢
KOJIOM N, eciid N - Koa V-TepMa, B mpoTtuBHOM ciydae f(N) ects 3HaveHue
KaKoro-To V-TepMa:
[ £ (0)=v (0)
| [ Fu( f(exp (n+1,1)),....f (exp (nt+1),m,)), ecim exp (n+1,0) = 1
3 .
| f(n+1)=3
| F (f(exp (n+1,1)),....f (exp (n+1),my)), ecim exp (N+1,0) =S
| v (exp (n+1,1)) — a1t ocTanbHBIX N
[ £(0)=v(0)
3

| f(n+1)=G(n, f(exp(n+1,1)),...,f(exp(n+1,t))), rae t = max{m,,...,m s},
rie G(n,Xy,...,X;) =
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v(exp(n+1,1))- Sg]_‘[ exp(n+10)—i \+ZFi (Xprever X, )59|EXD (N +1,0) i |

Oyukuus f(X) 3amaHa Bo3BpaTHOH pekypcuel, cienoBarenbHo, f—ITPO.

5. Munykmueir mo N gokaxkem, uro f(n) € <V> mis Becex N,

bazuc: n=0 wm n=1: f(0)=f(1) = v (0) € <V>.

Wuaykuuonusri mar: Jomyctum, uro f (M) € <V> mmsg Bcex m<n

u pokaxem s T (n+1):
(1) (n+1) —xon Vv-tepma Fi (ty,....tn ):

n+l1=2"p™... pmiAmi , € Ag,...,An — KOIBI TEPMOB ti,...tn |

uz 4 f(n+1) =F (f(As),....T (An)).

Tak kak Aj<n (j=1,...,m;), o f(A) =t Tak uto f(n+1) = F;(ty,... .ty )e<V>.
(2) (n+1) — He sBIACTCS KOAOM V-TepMa:

exp(n+L,i) = Ai < n; m 4 f(ntl) = F (f(A),...[(An ) (i=1,..,8) nm

f(n+1)=v(Ay).

T.x. Aj<n, 1o f(A)) =t; (rmetj—TepM, He 00s3aTeNBHO € KOAOM A),

torma f(n+1) =F (t,....tn ) € <V> wm f(n+l) = v (A;) € <V>.

Taxum oOpaszom, g Beex N, f(n)e<V>, 1.e. Val f ¢ <V>. O0patHoe BKIIIOUCHHE

cieayeT u3 nocrpoenus pyukuuu f. Takum o6pazom, <V>=Val f, rae f — [TPD,
TOrJa, MO yTBepxaeHuto 2, <V> - PIIM.

1.2.4. ®ynkuu Ha N - Kax

Mnuoowcecmeo A N-0K HATYPaIbHBIX YHCEN HA3BIBACTCS MPUMUMUGHO
pexypcushvim (PeKypCcuHviM, PeKypCUSHO NEPEUUCTUMBIM), €CITA TaKOBBIM
sBisieTcst MHOKecTBO C(A) HomepoB N-ok u3 A. Hampumep, A —IIPM, ecnu
ITP ero

xapakTepuctuueckast QyHKIUS: Y c(a)(2) = Ya(cni(2),...,cnn(2)) wmm

WK ¥ ca) (C(X1,- . -,Xn)) = XA (X15-..,Xn). JlOKazaHHBIE TpeXkIe YTBEPKACHUS O
MHOECTBaX MEPEHOCATCS Ha MHOXKECTBa N-OK.

TEOPEMA (O napamempusayuu). A — MHOXKeCcTBO N — ok, A # J , 0 A —
PIIM

T.UT. T.korga 3 fy,... F,—TIPD V(Xy,....X p))eA Tt ((Xg,....X n)=(fL(t),....F (D).
JHokaszatenbcTso. (1) [lycte A= — PIIM, Toraa, no onpenaeieuuto, C(A)
— PIIM u no yrBepxaenuto 2 C(A) = Val f, rue f— [TPO.

Torma V(Xg,....Xp)€A 3t C(Xy,....Xn) = f(t) m x;=C, (f(t)) =1 (), rae f; — [TPD
kak cynepnosuuus [1PO.

(2) Mycts 3 fy,...Fy — TIPD ((Xg,....Xn) €A <> 3t (Xq,...,Xy) = (f1 (1),....f, (1)), Torma
C(Xg,...,Xn) = C(f1(b),.... T, (t) ) = f(t), T.e. f—TIPD.

Takum oopazom, C(A) = Val f, t.e. C(A) - PIIM, cnenosatensHo, A — PIIM.
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TEOPEMA (O epaguxe YPD). f - UPD <> rpaduk f — PIIM .
(6e3 mokaszaTenbCTBA)
CJIEACTBME 1. O6nacts onpeaenenuss YPD ectp PIIM.
CJIEACTBMUME 2. MuoxectBo 3HaueHud UPD ectr PIIM.
CJIEACTBHUE 3. MuoxectBo pemeHuii ypaBHerus f(Xy,...,Xn)=0, roe f — UPO,
ects PIIM.
HoxaszatenbcTBO. 0ofX)=pnt(X+t=0)—YPD, ompenercHHAs TOJBKO IS
x=0. Torma {(Xs,...,.Xn): f(Xs,....Xn) =0} = Arg o (f (Xg,...,X ) ) — PIIM.
TEOPEMA. Eciu F" — totansnas ¢ynxums, rpaduk kotopoii — PIIM, To F
obmepekypcuBHas pynkuus (OPOD).
HNoxkaszartenbcTsBo. Ecmu rpaduk F = {(X1,....X n,y) : Y = F(Xy,....X )} -
PIIM, T10 mo teopeme o mapamerpusanuu cymectByor [IPD fy,....f, f.q
Takue, 9T0 (Xy,....X n, Y) € ip F > It (Xg,.... X n, Y) = (FL (0),....F 1 (©), Frer (1) ) ).
Tak kak F(Xy,....X 1) = fare (0t (Ix-FL @)+ 41X o - £2(©)]) =0), 0 F— OPOD,
9T,

C ¢yukmuein F (t4,...,tm) =7, rae T = (Xit,....X in) (=1,...,m), T = (Y1,...,¥n)
cBsA3aHbl koopounamuvie Gyuxyuu’ Yj= fi(Xi1,....X1n,- -, Xmt,----Xmn ) (=1,...,Nn)
u npeocmasnsiowas @gynxyus. f(ay,...,a,)=a, roe a;= C(t;) (i=1,..,m), a = C(1).

®dynkius F (11,...,Tm) =T HaseiBaercss YPD (OPD, [TPD), ecnu TakoBa eé
npencrapistonias gynakous f(a,...,.an) =a.
YTBEPXIEHUE. ®yukmus F(ts,...,Tn) = T - UPD (OPD, [IPD) T. u. T. T., KOT/1a
TaKOBBI €€ KOOpAWHAaTHbIC (GYyHKIMU (ee MpeacTaBisromas (GpyHKIus).

(m _

Ynpaorcnenue
1. JoxazaTh, 4TO:

a) (GYHKIHS, TOTYYaIOMAscs ¢ MOMOIIBIO OTIepaTopa CyMepro3nuiuy, u3 GyHk-
Ui C PEeKYPCHBHO IEPEYUCIUMBIM TpaUKOM, UMEET PEKYPCHBHO
MEePEUYHCIUMbIN TpaduK;

b) dyHKIMS, MOCTpOCHHAS TMOCPENCTBOM ONepaTopa MPUMUTHBHON PEKypCUU
u3 (QYyHKIUA C PEeKypCHUBHO MEPEYUCIUMBIM TpadUKOM, HMEET PEKYPCHUBHO
MEepPEUYHCIUMBIN TrpaduK;

C) ¢yHKIUS, TOJTYYCHHAs C TMOMOIIBIO | - ONEparopa, MPUMEHEHHOTO K
(YHKIMM  C PEKYpPCHBHO TEPEUYHCIMMBIM TpapuKOM, HUMEET PEKypCHUBHO
MePEUYUCINMBIN TpaduK;

d) dacTMuHO peKypcuBHas (YHKIHMS HMMEET PEKYPCHBHO MEPEUUCITUMBIN
rpaduk.

2. Jlokazatb cineactBusi 1 —3 u3 maparpada 1.2.4.

3. Jloka3aThb PEKYPCHBHYIO IEPEYHCIMMOCTh Mpeaukara IXj...3Xn P(Xg,....Xn),
rae P(Xy,...,Xn) — ITPII.

4. O0’sicuute pasnuune npeaukatoB X Pe (a,X) (mamumHa TeropuHra ocraHo-
BUTCsSI Ha aprymeHte ‘@) m X <t P, (a,X) (Mammuaa ThroprHTa OCTAHOBUTCS HA
aprymMmeHTe ‘a‘ MeHblle, yeM 3a t maros)).

63



5. Jlokazats, uTo mepeceueHue momanreOp anredpsl A, copeprKaniux HEMmycToe
NOIMHOXKECTBO VCA | ecThb HaMMEHbIass M3 3TUX IMOAAITeop.
6. Jloka3aThb TeopeMy O MHOXECTBE 3HAUeHUH TepMoB anreopsl [u3 1.2.3].
7. Jlokazath, uto eciiu f—UPD, to M={(Xy,...,.Xp); 3y f(Xy,....X,,y)=0}- PIIM.
8. Ilyctb My,...,My— nomapHo Henepecekaromuecs PIIM n-ok, fp,...,f —
YPd.[lokazate, uro g — YPD, ecin
£ (Xppeen X )y _ecmu _(Xgyeos X, ) €M,

Xy X, ) =4
90X ) =0 X ) eemt (XX ) M,

He _onpeoeneHa _6 _OCMANbHbIX _ CIVYasX.

9. Iycte f(Xy,...,X,) —yactrunas ¢yukuus. Oyakmus f—UYPD 1.1 T.1., KOT A
npeaukar f(Xg,...,X,) =y - PIIIL

1.2.5. Pexypcust 2-0ii cTyneHu

JlommycTiM, 94TO MBI XOTHM 3a1aTh pyHknuio F(X,y) pekypcueit He 1Mo oHOMY, a
cpazy mo AByM aprymeHTaMm. Torga Hajo NpeABApUTEIBLHO YHOPSIOYHUTH Mapbl
HATYpaJIbHBIX YHCeN (X,Y), CKaKeM CJICIYIONIIM 00pa3oM:

(0,0)<(0,1)<...<(1,0)<(1,1)<...<(2,0)<((2,1)<...,

T.€. (X1,Y1)<(X2,¥2), eciiu X1 <X, HIIK €CIH X1=Xp, TO Y1<Yb>.

dynkius F(X,y) 3anana pexypcueii 2-oti cmynenu 4epe3 TOTaJbHbIC (QYHKIUH
G(Xo,---Xm), H(Xo,....Xk), fi(X)=x, g;(x)<x (i=1,...,m; j=1,...,K), ecmn nns Bcex
3HA4YCHUM N, X:

[F(0,x) = h(x),

1F(n+1,0) =H(n, F(91(n),F(g2(n),0)), F(n,0),F(g5(n),0).....F(g «(n),0)), *)
[F(n+1,x+1)=G(n+1,F(fl(n),F(n+1,x)),F(fz(n),F(fg(n),x+1)),F(f4(n),x+1),. o
F(fm(n),x+1))

TEOPEMA (O pexypcuu 2-ii cmynenu). ®yukuus F(X, y), 3amaHHas pekypcueit
2-it crynenu otHocutensHo [IP® G, H, h, f; (i=1,....m), g; (j=1,...,k), ectb OP®.
JlokaszaTenbcTBO. He Tepsas obmHoOCTH, paccMoTpuM ciydait m=4, k=3.
(1) Kak cnenyer u3 moctpoenus, pyukuus F(X, Y) - Bcromy onpezeicHHasl.
Ecmu rpaduk F — PIIM, To mo teopeme F(X, y) — OP®.
(2) U3 nepBoro pasencta (*) umeeM: (0, X, h (X)) e rpaduxy F.
(3) U3 BTOpOrO paBeHcTBa (*) MMeeM :
(92(n),0,u), (92(n),u, v), (n,0,p), (93(n),0,q)erp F — (n+1,0,H(n, v, p, g))erp F.
Jlnst ynoOGcTBa mepeo003HaYUM KOOPJIUHATHI TPOEK:
(Xl,yl,zl),(Xz,yz,zz),(XS,YS,ZS),(X4,y4,Z4)Erp F—> (X3+1,YS,H(X3,ZZ,ZS,Z4))EFP F> rae
Z1=Y>
X1=02(X3)  Y1=Ys=Y4=0 **)
X2=01(Xs)
X4=g3(X3)
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Onpenenum Ha N° omepaumio B:
B((X1,Y1,21),(X2,Y2,22),(X3,Y3,23),(X4,Y4,24)) = (X3+1,y3,H(X3,22,23,24)), ecin ycious
(**) BBIMOJIHEHBI,

B((Xl,YLZl);(XZ,YZ,ZZ),(XS,YS,ZS),(X4,Y4,Z4)) = (0,0,h(O)) — MHA4C.
(4) U3 tperwbero paBencTBa (*) mmeem:

(n+1,X,U), (fl(n),U,V), (fS(n)!X-l-l!p)! (fz(n),p,Q), (f4(n),x+1,w)erp F—
(n+1,x+1,G(n+1,x,v,q,w))erp F.

CHoBa nepeo003HauUM TPOUKHU:
(X1,Y1,21),(X2,Y2.22),(X3,Y3,Z3),(Xa,Y4,24) ,(Xs,Y5,Z5) €Tp F —
(X1,y1+1,G(X1,Y1,22,24,Z5)) erp F , e

Xo=fi(xel) ys=ys=y;+1

X3=fa(x o1) y,=124 (***)

Xg=To(x 1) ys=23 X5=T4(x el)

Omnpenenum Ha N” onepanuio A’
A((X1,Y1,21),(X2,Y2,22),(X3,Y3,23),(Xa,Y,Z4),(X5,Y5,25)) = (X1,Y1,G(X1,Y2,22,24,Z5)),

ecii yciaoBus (***) BBINMOJIHEHBI,

A((leylvzl)i(X21y2122)1(X31y31z3)1(X41y41z4)1(x51y5125)) = (Oioih(o)) — MHa4ce.
5). A, B-TIP®, tak kak ux koopauHatHbie (yHKIHUU — [IPO.

6). Mo={(0.%,h(x))}xen ={(0(x), 1;(x) ,h(X)) }xen — PIIM (110 Te0peme o
napaMeTpu3aliu).
7). M = <Mo>ag — PIIM (o TeopemMe 0 MOPOKAEHHON COBOKYITHOCTH).
8). Mg c rp F u rp F — nmoganrebpa otHocutenbHO onepanuii A, B. meem
M*c rp F, Tak kak M’ - HauMeHbIIas Takas noaaireopa.
9). okaxem, ato rp Fc M". Jlns  (n, x, F(n, X))erp F, unaykimeii mo n, X
nokaxxkeM, uto (N, X, F(n, x))eM ",
Basuc: n=0: (0xh(X))erpF u (0,x,h (X)) € MocM".
NuayKuvMoOHHBIA 1ar :

a). Ilokaxewm, uro (n+1, 0, F(n+1,0)) e M " NHIyKIIMOHHOE JOMYIICHUE I10
nepBoMy aprymenry : r<n — (r, x, F(r,x)) e M*.
Tax xak g;(n) <n (j=1,.,K), To Tpoiiku U3 BTOPOTO ypaBHEHUS OIpEICICHU
F npunamiexxatr M*:  (g2(n),0,u), (g:(n), u,v), (n,0,p), (g3(n),0,q) € M*.
Otkyna, BBUAY 3aMKHyTOCTH M™ oTHOCuTEnbHO omepanuu B:
B((92(n),0,u), (81(n), u, V), (n,0,p), (93(n),0,0)) = ("+1,0,H(n, u, v, p))eM ", rze
F (n+1,0) = H (n,u,v,p), caemosareasHo, (nN+1, 0, F(n+1,0))e M*.

6). Iokaxem, uro (N+1,x+1,F(n+1x+1))eM :
Wunykimonnoe ponyiienue: (r,s) <(n,x) — (r,s, F(r,x)) € M*.
Tak kax fi(n) <n (i=1,....m), To BXoadlIMe B MPaByK YacTh OMNPEACICHHUS
¢yukuun  F(n+1, X+1) mapsl u3 obnacTu ompeaesieHus F mpeaiiecTByOT mape
(n+1, x+1). TToaTOMy 1O HHIYKIMOHHOMY JOMYIICHHIO
(n+1,x,u,), (Ff(n),u,v), (fz(n).x+1,p), (f2(n),p.q), (fa(n) x+1,w)eM*.
Otkyzna, BBUAY 3aMKHyTOCTU M* OTHOCHTENbHO omnepauuu A nMeeM
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A((n'l‘l,X,U),(fl(n),U,V),(f3(n),X+1,p),(f2(n),p,CI),(f4(n),X+1,W)):
(n+1,x+1,G(n+1,x,v,q,w))eM*, rae F (n+1x+1) =G(n+1,x,v,q,w), T.c.

(n+1, x+1, F(n+1, x+1)) € M*,

Taxum obpasom, ip F cM’, Te.rpF =M.

10). ITockonbky F — ToTanpHas pyukuus, rpadpuk kotopoii — PIIM, To F — OP®.

1.2.6. YuuBepcanbHasi (GyHKIUS

Oyukmust  F(Xg,X1,...,Xn) Ha3BIBACTCSA VHUBEPCANbHOU O cemelicmséd O N-
MeCmHbIX yHKYULl, €CT BBITIOJIHEHBI 1BA YCIIOBHS
1) nns xaxmaoro pukcupoBanHoro i : F(i,Xy,...,Xn) = f(Xy,...,X,), If€d
2) nns kaxaon pyHkmuu f(Xy,...,Xn) €S cymecTByeT | Takoe, 4To
F(l D ST .,Xn) :f(Xl,. .. ,Xn).
TEOPEMA. Kiacc N-MECTHBIX PEKYPCHUBHBIX (IIPUMUTHUBHO PEKYPCUBHBIX)
(GYHKIIM HE MMeEeT PEeKypPCHBHOW (MPUMHUTHBHO PEKYPCHUBHOW) YHUBEPCAIbHOM
¢bysakuuu (N=1,2,...).
HoxkazatenbcTBoO. [lyctb F(Xg,Xy,...,X,) — YHUBEpCaNbHAS QYHKIHS JJIsT
xnacca O BCIOJy ONpENENEHHBIX N-MeCTHBIX QyHKIMH. [Tonoxkum g(Xy,. .., Xn)=
F(X1,X1,X2 ... Xn)+1. Ecm g € 8", 10 Ji F(i,Xq,...,.X0)=0(X1,...,Xn) JUISL BCEX Xy, ..., Xn.
B wactrocty, F(i, i,...,1) = g(i, I,...,1) = F(i, 1,...,i)+1.IToxy4ueHo npoTHBOpEeUHE
TEOPEMA. Knacc ogHomecTHbIX [IP® uMeeTr 00IIEpeKypCUBHYIO YHUBED -
CaJIbHYI0 (PYHKIIHIO.
HNokazatenbcTBo.1l). I[lo Teopeme Pobuncona, Bce omHomectHbiec [IPD
MOYHO MOIY4YHTh M3 dneMeHTapHbIX Gynknuii S(X), q(X)(=Xe[+/x]) ¢ MOMOIIBIO
OIepaTopoB +, e, JV. Tak uro onsomectHble IIP® SBISIOTCS 3HAYCHHSIMH
TepMoB Haj andasutom {S,q, +, o, 1}.
2) BBemem  crienyrollyl — HyMepaluild vV TepMOB (Clel0BaTelbHO, H
onpsoMecTHbIX [IP®): v(s)=1, v(q)=3; v(t;+t,)=2"3%5" rxe a, b — kompl TepMOB
t;, t,, COOTBETCTBEHHO; v(tl*tg):22-3a-5b, roae 4, b — xomel TepmoB t;, 1y,
cootBerctBeHHo; V(I(t))= 2%.3% . rmea— kxox Tepma t.
3). O6o3naunm f(x)=F(n, x), rae f,(X) — Tepm ¢ kogom N. J{as HaTypaIbHBIX
qricel1 N, BJISIONTUXCS KOJaMH ITOAXOISIIUX TEPMOB, UMEEM:
[ f.(<)+Fo(X), ecim n = 2%.3%5";
| f.(f(x)), ecim n = 2%3%5";
F(n, x) = 3 fa(fa(x-1)), ecmm n=2%3%, x=0;
| 0, eciun=2%3%, x=0;
| q(x), ecim n=3;
L s(x), ecmu n=1.

* 9(0)=0,
g(n+1)=J(g(n))
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Wnwm, BBOas 0603HaueHue exp (n, 1)=(n);,
[ F((n)1,X)+F((n)2,X), eciu (n)o=1;
| F((MwF((n)2X)), ecmn ()o=2;
F(n, xX) =9 F((n)y,F(n,x-1), ecmu (n)o=3, x>0;
| 0, eciu (n)o=3, x=0;
| Q(n,X) — I ocTambHBIX N, X,
rae Q(n,X)=s(X)sg | n-1| +q(X)-sg |n-3|.
4). Noonpeaemm ¢pyrakiuio F(N,X) o Bcroay onpenencHror ¢pynkiuu D(n,X):
D(0,x)=0;
[ D(f1(n),0)+D(f2(n),0), ecrmu (n+1)o=1;
D(n+1,0) =3 D(fy(n),D(f»(n),0)), ecau (n+1)o=2;
| 0 — 7151 OCTAIBHBIX N;

[ D(fy(n),x+1)+D(fo(n),x+1), ecaur (n+1)o=1;

| D(fi(n),D(fo(n) x+1)), ecmu (n+1)=2;
D(n+1,x+1)=3 D(fy(n),D(n,x+1)), ecmu (n+1)y=3;

| Q(n+1,x+1) — wist ocTaNBHBIX N;

rae fi (n)=(n+1); (i=1,2); win
[ D(0,x) =0;
1 D(n+1,0) = H(n, D(f,(n),D(f2(n),0)),D(f1(),0),D(f2(n) 0));
D(n+1,x+1)
=G(n+l’X1D(fl(n)’D(n!X+1))lD(fl(n)1D(f2(n)’X+l))’D(fl(n)’X+l)’D(fZ(n)lX-l-l)’
rae G(MX,Y,z,u,v) = (U+v) sg | (M)o - 1]+ sg [ (M)o - 2| +y sg | (M) - 3|+
Q(mx)- sg( | (m)o - 1 (m)o - 2| (m), - 3]),
H(M, y, 2, U)=(z+U) sg | (M)o- 1| +y-sg | (m)o- 2], fi(x) <x (i=L.2).
Takum oOpasom, pyukuus D(n, X) 3amana pekypcueit 2-oit crynenu, T.e. OP®.
5). Uuaykuueit mo n gokaxem, uro D(n, X) = f, (X), eciu n — xox Tepma,

D(n, X) = g(X) — onHomectHass [TP® — myis octanbHBIX N.
basuc: n=0,1,2,3: D(0,x) = D(2,x) =0; D(1,x) =s(x); D(3,x) =q(x).
Nuayknuonneid mar: J[omyctuM, 4To YTBEPKACHUE BEPHO IS N U IOKAXKEM JIJIA
n+l: (1) n+l — kox tepma. Torma ommcanus ¢ynkmmi D(n+1,x), F(n+1,X)
coBmagaroT ¢ ToyHOCTBIO Jo 3ameHbl D(fi (n),x) wa F(f; (n),X). Ilocnennue
COBIMAJAOT MO WHAYKIMOHHOMY pnomymeHuro, T.K. fi(n) < n (i=1,2). Ortkyna
D(n+1,x) = F(n+1,x). Takum ob6pa3zom, mist Becex N D(n, X) = F(n, X), ecau N — kox
tepMa. (2) n+l — He sBiusercs komom Tepma. Torma D(n+1,X) momydaercs
OpUMUTHBHON pekypcuedt u3  dynkmuit  D(fi(n),x), D(fy(n),x). Ilocnemuue
[TP® mno muaykimonHomy momymieHuto, T.K. fj (n) < n (i=1,2). CienoBarenbHo,
D(n+1,X) momy4daeTcsi BO3BpaTHOM pexypcueii, T.e. D(n,X) ects [TPD.
Takum obpazom, mns Bcex N D(n, X) — [IP®, obmangaromias CBOWCTBAMHU:
1) mist ¢puxcupoBanHoro N D(n, X) ects ogHomecTHas [1P®;
2) nas kaxaon omnomectHou ITP® f: 3In D(n,x) = f(x) = f, (X).
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Orto o3Havaet, 4yto D(N,X) — yHuBepcayibHass (DYHKIUSA IS KJlacca OJJHOMECTHBIX
[TP®.
CJIEACTBHUME 1. CymectBytor OP®, He sBusatomuecs [TPO.
JlokaszartenbcTBO. D(XX)- OPD, ve sBnsiercs [IPD, B npoTUBHOM ciiydae
D(x,x) + 1 = g(x) — [TP®, cnemosatensro, 31 D(i,X) = g(X) = D(X,X)+1 mus Bcex
sHaueHuit X. B wactnoctu, D(i,i) = D(i,i) +1, 9To0 ecTh mpoTHBOpEUHE.
CJEJACTBHUE 2. Jlns kaxmoro n=1,2,... kmacc §8" n-mectHbix [IPD umeer
00IIEPEKYPCUBHYIO YHUBEPCAIbHYIO (DYHKITHIO.
JHoxaszatenbcTB o. [lokaxewm, 4ro yHuBepcaibHas (PYHKIUS ITOTO Kiiacca
D™D (Xo,X1, .., Xn) = D(X0,C(X1s. . .,Xn))?
(1) Ilpu pukcupoBaHHOM 3HAUYCHUH Xg= C:
D(c,z)ed", T.e. D(c,Cc(X4,....Xn)) = D™V(C,Xy,.. . . Xn) €8
(2) s mo6oii g(Xy,...,X,)€8", ee mpeacraBusiomas (GyHKIHS
f(X)=g(Cn1(X),...,Can(X)) €8, Torma Ji (f(x) = D(i,x)) wmu g(Xy,....xn)=
9(Cr1(X),. . .,can(¥))=F(X)=D(i,X)=D(i,c(X1,. . .,Xn))=D" (i X1, .., Xn).
CJIIEACTBME 3. CymecTBYIOT peKypCUBHbIE MHOKECTBA, HE siBIIstonuecs [IPM.
Hampumep, MHOXkecTBO A ¢ XapakTepuCTUUECKOW (yHKIIHEH

1A(X)= sg D(XX).
1.2.7. YHuBepcallbHbIE YaCTHYHO PEKYPCUBHBIE (DYHKITHH

TEOPEMA (Knunu o nopmanvroii gpopme). Kaxngas UPD f(Xy,...,X,) mpeacra-
uma B gopme  f(Xy,....Xn) = Ut F™V(xy,...x 1) =0), rae F™V —IP®.
HoxkaszatenbcTBoO. Ecmu f(Xy,...,Xy) - UPD, 10 p f(X4,...,Xs) ecTh PIIM,
T.C. (X1,....X n, Y) € Tp f(Xq,....X 1) < IZ (9(X,.... X n, Y, 2)=0), tne g-—IPD <
At=c(x,y) (@ Xp,....x n, 1 ), 1 () & y =1(1)).
Orkyma f(Xi,...,.x n) = U t g(Xo,....x n, | (£),r (©))=0) = U(ut (F™D(xy,....xn, £)=0)),
rae F™Y — [TP®, kak cyneprosumus [IPO.
TEOPEMA (06 ynusepcanvnoii pynxyuu). Cymectayer YPD T (xo X4, Xn),
yHUBEpCalibHas JJ1s Kiacca N-MecTHbIX YPO.
JokazatenbcTBo. T (XoXe,... %) = U(ut D™(xo,Xa,....Xn, )=0)), Te
D™ . yhuepcanbHas (;;yHKuHsI s knacca (n+1)-mectrbix [TPO.

okaxem, a0 T"(Xo,Xy,....Xn) — YHEBepcanbHas (QYHKLMS WIS KIacca n-
MecTHbIX YPD:

(1) [Ipu ¢uKCUPOBAaHHOM 3HAYCHUU Xo=€ :

3
~ O3HA4YacT YCJIOBHOC PABCHCTBO, T.C. PABCHCTBO, 00e JacTtu KOTOPOro OJHOBPEMCEHHO
OIMPEACIICHBI U COBIIAJIAIOT U1K OJHOBPEMEHHO HE OIMPECACIICHEI.

68



T (eXy,...,Xa)=U(1 t (D" 2(e,X4,....Xn, 1)=0))=U( t (F."V(X4,....Xn, 1)=0)), rme
£ _ IP®. Torma p t (F."Y(Xy,....xn, 1)=0) — OP®. Takum o6pasom,
T xy,...,Xn) — UPD.

(2) s mo6oit YPD (X, ...,X,) mo reopeme Kinmuu o HopMansHoi Gpopme
UMECM:
FO (X,...%0)=U( t (F™V(X4, ... Xn, 1)=0)), rae F™Y — [1IP®.
Torna
Je (D™ (e,x1, ..., Xn, D)=F"(Xy,... Xn, 1)),
T.e. f(X1,....Xn) = U t (D™? (e, X4, ., Xn, £)=0)) = T™ V(e x4,....%n).
TEOPEMA. Huxakas YP® T"'(Xo,Xy,...,Xn), YHHBepcambHas misi Kiacca N-
MecTHbIX YP®D, He umeeT OOUIEPEKYpPCHUBHBIX JTOONPEAECICHUIA.
Jokaszarteunsbctso. 1). Iyers V(X) = sg T™ (x, x,...,x) — UPD.
JlommycTM, d9YTO OHAa HMeeT oOmepekypcuBHoe joompenencHue  W(X).

IMpencraBum W(X,) = 1] (W(X1), Xo,..., X,). Ilo ompenencHuio yHHUBEPCAIbLHOM

byHKIIIH
Je V Xy, Xopeery Xo W(X1) = T™ (e,X4,...,%).B wactocTH, W(€)=T" (e, €,....0).

Tak kak T™Y (e, e,...,e) ompeneneno, To V(e) = sg TV (e, e,....e) onpenernero.
W(X) - mpomomxerne bpyrxuun V(X), orza W(e) = V(e) = sg T™V (e, e,....e),
uro mporuBopeunt tomy, uro W(e) = T™V (e e,....e).

2). Homyctum, uto P(Xg,X1,...,.X,) — OOIIEPEKYPCUBHOE IOOIPEACICHHE
byskmmn TMV(xg,Xq,....%,). Torma (yHKums sg P(X,...,X) Obl1a OBl
obepeKypcHBHbIM goonpenenenneM UPD  V(x) = sg T (x, x,...,X), uto He
BEPHO.

CJIEACTBHME. CymecTBylOT HEpPEKYpCHBHBIE PEKYPCHUBHO IIEPEUYHUCIIAMBIC
MHOJKECTBA.

JlokaszaTenbcTBO. Bo3sbMeM 4YacTHUHO peKkypcuBHYH ¢GyHKIHIO — V(X) =
=sg TA(X, X), HE HMEIOILYIO OOLIEPEKYPCHBHBIX T0OMpeaeicHnil. U3 crencTaus 3
Tteopembl 0 rpadpuke YPD, mHOoxkecTBO perienuii ypaBHenus V(X)=0 sBisercs
PEKYPCUBHO TEPEUYHCIMMBIM MHOXXECTBOM. OHO HE PEKYPCHUBHO, B HPOTUBHOM
ciyuyae pyukuus V(X) umena Obl 0OLIEPEKYPCHBHOE JIOOIPE/ICICHHUE.

Ynpaorcnenue.
1. IToka3aTh,4TO MHOKECTBO N-OK PEKYPCUBHO (MPUMUTHUBHO PEKYPCUBHO)
T.M T.T., KOTJIa €ro XapakTepucTuueckas QyHKIUs pEKypCUBHA
(MPUMHUTHUBHO PEKYPCUBHA).
2. JloxasaTh, YTO MHOXECTBO N-OK PEKYPCUBHO MEPEUUCIUMO T.1 T.T., KOT/a €ro
YaCTUYHAs XapaKTepucTUiecKkas (PyHKIMS 4YaCTUYHO PEKYPCUBHA.
3. Ilycts K, (e,x,1), jn(e,X,t) — cOOTBETCTBEHHO, KOH(UTypaIMisi ¥ COCTOSHUE
mamuHel  Thtopuara mocie t maroB u op(ext) = ¢ (K, (e,x1), jn (eXt))
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(n — nnmuHa KOpTeka aprymeHnrtoB). [lokasat, dro GyHKOUU Gp, Kp,]n -
BBIYUCIIMMBI, CIEA0BaTeNbHO, TI0 Tesucy Yepua - Knunu, siBisitorcs YPO.

4. Jloka3atb, 4YTO Tmpenukar ‘Q¢(X) — Bcromy ompeneneHHas — (QyHKIUS’
(mpobsieMa OCTaHOBKH) HE Pa3peIIHM.

5. Jloxa3ath, uTo0 MHOXECTBO {X; (- TOTaNbHa } He sBisercs PIIM.

6. Kakue u3 cienyrommx MHOXKECTB fABIsIIOTCA pekypcuBHbiMU? Kakue PIIM?

a) {X: X ecTh TOJIHBIA KBajparT},

b) {X: ¢y« nHBEKTHBHA}.

¢) {X: B JCCATUYHOM pA3JIOKECHUH YHCIA T CYIIECTBYEeT HaOOp
IIOCJIEA0BATENBPHO UAYIIUX JAPYr 3a JAPYIOM CEMEPOK, JJIMHA KOTOPOIO
Oonbime X}.
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FmaBsa 2

IMPUJIOKEHUA TEOPUU AJII'OPUTMOB

2.1. TeopeMbl 0 peKypCcHMH M HEMOJHOTE

BaxueimmMu 3agavamMu uig  QOpPMalIbHOM  aKCMOMAaTHYECKON CHCTEMBbI
ABIIIETCS YCTAHOBJICHHWE €€ Hepa3pelIMOCTH (pa3perMMOCTH) M HETOJHOTHI
(TMOJHOTBI), KOTOpBIE PEIIAIOTCA BIOKEHHEM (POpMaIbHOM  CHCTEMBI B
dopmanbHyl0 apudmeTuky Al ¢ TOMOMIBIO MPOLEAYpPHl T'eleTU3alUU.

lI'edenescroii Hymepayueli (2edenuzayueti) mHoxcecmsa ciog € B andaBuTe
A Ha3pIBAIOT B3aMMHO OJHO3HAYHOE OTOOpakeHue y: €2 — N, @I KOTOporo
CYIIECTBYET aJIFOPUTM, BBIYHCIAIONMN MO ciaoBy ac) ero Homep 7 (o)
(1 HAOOOPOT, MO N BBIJAIOIIMN CJIOBO o, ecid N =7 (o) ), u yucio 0, - ecau
N He SBISETCS KOJOM HHUKaKoro cioBa u3 Q.

OOBbeKThl (OpPMATLHON CHUCTEMBI, a TAKXKE MPOrpaMMbl MalllMHbl ThIOPUHTA,
WIHN PEKYpPCUBHBIEC ONMHUCAHMS (YHKIMHA €CTh CJIOBa B KOHEYHBIX andaBUTaX
U TO03TOMY TeAeU3yeMbl, YTO TO3BOJISIET M3y4aTh WX CBONCTBA B paMKax
dbopmanbHOi apudmeturu Ar .

IIpuBenem npuMep OJHOU IelIeJIEBCKON HyMepaluy MalluH ThrOpUHra.
Komannam mammnsl Teropunra: 0ja; — &S0, 0ja — a,Rqs, gjai — a,L0s
IpHCBOMM cooTBeTcTBeHHo T. H.. 2'3'5'7° 213'5'7°11, 2'3'5'7°13.

Torma, ecnu CyCy,...,Ck - TEACIEBCKUE HOMEpPA BCEX KOMAaHJ]| MAIIUHbI
Tetopunra, To ee ko (r.H.) ecTh ynciio Z = 2“...PS< . XapakrepHbIM

CBOMCTBOM T. H. SIBJSIETCSA TO, YTO €ro BCETJa MOKHO BBIYHCIIHUTH, © 00pPaTHO —
1o JIFOOOMY HATYpaJbHOMY YHCIY Z MOXHO YCTAHOBUTH, SABJSIETCA Z T.H.
HEKOTOPOM MPOrpaMMbl MallivHbl ThIOpUHTA, U €CIU — Ja, TO BOCCTAHOBHUTH
camy mnporpammy. Yepes {z}(Xy,....X n) Oyaem o0o3HauaTh GyHKIIHUIO,
BBIYUCIIUMYIO Ha MamiuHe P, (¢ xomom Z).

M3BecTHa TeopemMa O COBMAJCHUH KJIacCOB (PYHKIMH, BBIYUCIMMBIX Ha
MamHe Teropunra, u YP®, Ttak 4TO BCE MOJIyYEHHBIE PE3YJIbTATHI O
BBIYUCIUMBIX (DYHKIUSAX PACHpPOCTPAHSIOTCS Ha 00e¢ Teopuu. OTMETHM OJHY UX
Ba)KHYIO 0COOEHHOCTh, @ UMEHHO, HHBAPUAHTHOCTh MO0 OTHOIICHHUIO K
re/IC/ICBCKON HyMepallii, 4TO 03HAYaeT HE3aBUCHMOCTh JAHHBIX TEOPHUU OT
KOHKPETHOTO BH/Ia BHIOPAHHOW TI'e/IeNeBCKOM HyMepamuu. ITO CBOHMCTBO
reJIC/ICBCKON HYMEpAIl|K MO3BOJISIET JOKa3aTh TAKHE MPUHIIUIIBI
IpOrPaMMHUPOBAHUs, KaK TECOPEMBI 00 YHHBEPCAIbHON (YHKIINH,
HETIOABIDKHOM TOYKE U S-M-N-Teopemy.

[Mycts mammua P, Berumcisier pynkuuo {z }(X,y) = o(X,y). [Ipu
(UKCUPOBAHHOM 3Ha4YeHHH X = @, QyHKIMS @(a,Y) TakKe BBIYMCIMMA U €€ T.H.
MOXeT ObIThb 3(h(PEKTUBHO HalAEH MO Z U X.
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TEOPEMA (s-m-n-meopema). Cymectyet [IP® S (z,x,,...,X,) Takas, 4To

8 (2 X4 X D3 (Yrrvees Vo) ZAZH K e Xy Yioer Vi)
JNokxaszatenbcTBo. (PaccMmorpum cayuait m=n=1). Jlnga Kaxmoro X
adexkTuBHO cTpoutcs mnporpamma Q 4, mpeoOpasyromas apryMeHT ‘Y’ B
napy (X,y). Uckomas ¢ynkuus S;(z,X) JAaeT HOMep W MaIllMHBI, KOTOpas
Ha apryMeHTe Y mopokaaeT mporpammy Q x U IPHUMEHSET €€ K apryMeHTY
y, a 3ateM K mape (X,Yy) NOpuUMeHseT NporpaMMy MalIWHBI Z, TaK 4TO
{S;(z, )Hy) ={z}(x, y). B cuny »sddekTuBHOrO Xapakrepa reaeIieBCKOM
HyMepalnuu HoMmep W cTpoutcs 3(G(EKTUBHO 1O Z U X, MO3TOMY S;(z,X)
ABIsieTCA peKypcuBHOM u paxe [IPOD.

N3 s-m-n-teopemMbl  Kak  CJEACTBHE MOXXHO TONYyYUTh TEOpEMYy O
HETIOABUKHOU TOUKE.
CaenctBue. (Teopema o nenoosuscroi mouxe). Ilyctb @(Z,Xg,...,.Xn) —
BburciuMas (Gyukius. Tornma cyiiecTByeT MallvdHa € Takas, 4To JUIs JIFOOBIX
X1,.. . Xn{€H(X1,....Xn) = @ (€,X1,...,X,).
JHokaszaTtenbcTBO mpoBeaeMm aisciaydas N = 1. O4ueBUAHO, YTO (YyHKLIHS
¢ (S;(z,x),x) Mo mpeXHEMY BBIYHCIMMA Ha HEKOTOpoH MmammHe P, .

[Tonoxxum e = Si(r,r), torna {e}(X) = {S;(r,r) }(X) = {r}(r,r) = o(S;(r,r),x) =0
(e,X), 4.T.]1.

[MockonbKy si3bIk Ar GeseH, paciuupuM ero a0 Ar', BBoas (pyHKIHOHAIbHBIE
CUMBOJBI JJI KaXJAOW NPUMHUTHBHO PEKYpCHUBHOM (YyHKIHMH. AKCHOMATHKa
Ar" kpome akcuom Ar (T.e. aKCHOM paBEHCTBA M aKcHOM IleaHo) comepKuT
ONPENENAOIME aKCUOMBI JUIsl PUMHUTHBHO PEKYPCUBHBIX omucaHuil. Tak 4ro
Kakaas IPUMMTUBHO  peKypcHBHas  (QyHKIMs  IpeacTaBuma B Ar'
nogxoxsAmuMm TepMoM. Ilo cymectBy xe Ar u Ar’ 5SKBUBaJIEHTHHI, T.K.
TepMbl A’ BeIpasuMbl B AT,

JIEMMA 1. (O nymepuueckoii evipasumocmu ITP® ¢ Ar'). Jlns moboro Habopa

HATYpatbHBIX uncen Ky, ..., Ko, ecm f(Ky, oo, Kn) = (£Y) g (ky, ..., Ky, TO
Art =t (ky ..,k =@ r(Ky ..., Ky, toe t,r - TepMmbl, mpeacTaBiIsIONIUE
¢yukun  f, g, coorBercTBeHHO; K| - TepM, IMpEACTABIAIOMINN HATYpaIbHOE

gpeno Ki(i=1,..,n) B Ar.

TEOPEMA (O nenoosusicroti mouxe). Ilycts A(X) - dopmyna Ar', rme X -
cBoOOgHAas mepemeHHas. Tornma Haiinercs ¢opmyna B rtakas, uro

Ar" |- B<>A([B]), rae [B]-TepM, npencrapusromuii uncio y (B) B Ar'.
HNoxkaszatenbcTBO. Ilyctb ¥ = y(C (X)) (X-cB0OOIHAS TIEpEeMEHHAs).
Paccmorpum mpdh SUB (y,z) = y(C(z)), rme Sub (y, z) - npeacraBisirormii
Tepm B Ar'. Jlmt AT = Sub(x,X)) # B= A([A"]) umeem 7y (B)=

D trects cokpamienue Gopmynsr —(t=r).
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SUB (y (A™), vy (A")), u mo memme 1: Ar" |- [B] = Sub ([A],[A"]). U3
BBINIECKA3aHHOTO MMEEeM

Ar'|-B < A ([AT) < A(Sub ([AT,[A])) < A([B]).
CJIEACTBHUE. [lns Bcroay ompeneneHHoi pynkuuu f Haligercs HaTypalibHOE
4uCcIO N, Takoe, YT0 @ fn) = @ .

C NOMOIIBIO TeleleBCKOM HyMepaluH BBIBOAUMOCT, B Ar’  MOXHO
U3ydaTh cpeiacTBaMu camoil Ar’ . PaccMOTpMM IPUMMTUBHO DPEKYPCUBHEI
npeaukat PRF(Y,X): «y ecTs I.H.BbBoga B Ar’ (opMymsl ¢ T.H. X» H
pekypcuBHO TnepeunciuMbiii npeaukaT PR(X) = 3y PRF(y,X): « X ecThb T.H.
dopmynsl, BeBoauMOil B Ar’ ». CoorserctBenno, Prf (y,x), Pr(x) = Jy Prf
(y,X) - mpexacrapisiomue ux B Ar’ hopMybL.

[To Teopeme O HEMOABMIKHOM TOYKe, CymIecTBYyeT (opMylia V, YTBEpIKIAIOIast
CBOIO COOCTBEHHYIO HEBBIBOAUMOCTB. Ar" |- v =—Pr([v]).
JIEMMA 2. Eciu teopust Ar’ menpotuBopeumBa, To He (Ar' |- v).
Jloka3zaTenbCTBO.

1. Ar’ - HempoTHBOpeuHBa (momy1eHue)

2. Ar' |- v (momy1ieHue MpOTUBHOTO)

3. Ay PRF(y,y(v)) (u31m.2)

4, Ar' |- 3y Prf(y, [v])

5.Ar" |- Prf(p, [v]) (momymenue)
6.Ar" |- Pr([v]) (3-BBeacHuUE)
7. Ar* |-v==Pr([v]) (reopema o HEOABUKHOII TOUKE)
8. Ar" |- —v (rmo mpaBusIaM BBIBOJIA)
9. Ar' |- —v (3-ynanenue)
10.me (A" |- v) (— - BBeneHue)

11. Ar” - menpotuBopeunBa — He (Ar’ |- v ) (— - BBesieHuE)

Teopus T B s3bike Ar’ HasblBaeTcsd @ - HENpoOmMuUBOpPeyusoll , Ciii He
cymecTByer Takoi (opmynsl A (Y ) ¢ eIMHCTBEHHONW CBOOOIHOI IMEPEMEHHOM,
gro (1) T -3y A(y) u (2) T |-—= A (M) mia moboro HarypajibHOro M.
YTBEPXIEHUE. Ecnu teopust T ® - HEempoTUBOpeurBa, TO | HEMPOTUBOPEUHUBA
JIEMMA 3. Eciu teopuss Ar’ - HempotuBopeunBa, To He (Ar |- —v).
Jloxka3zaTenbCTBO.

1. Ar'  ® - HempoTHBOpPEUNBA (momyteHue)

2. Ar" - menporuBopeunBa (13 m.1 M yTBepXKIeHHs Iepei JeMMOil)
3.ArM - v —Pr([v]) (Teopema 0 HEMOJBMKHOM TOUKE)
4. Ar" |- = v (momyieHne MpPOTHBHOTO)

5.Ar" |- Pr([v]) (u3 1. 3, 4 ¢ MOMOIIIBIO ITPABKJI BHIBOJIA)
6.Ar" |- 3y Prf (y, [v]) (o onpenencuuio Gopmyiasr Pr ([v]))
7.1e (Ar" |- v) (8 cuny HenpotuBopeunBocTH Ar’ u m.4)

8. = PRF(m, y(v)) nmna moGoro m (u3m.7)
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9. Ar" |- —Prf(m, [v]) ana mo6Goro m (m3 .8 mo nemme 1)
10. me (Ar" |- 3y Prf (y, [V]) (13 w-HempoTuBopeurBocTH Ar’)
11. me (Ar" |- —= v) (— - BBencHHE, 4)
12. Ar* ® - menpotuBopeunBa — He (Ar' |- —v) (— - BBeneHHeE)

Teopus T noaua, ecmu nus mobort dopmynsl @ u3 T mMeer mecrto

T-® wm T|-- .
TEOPEMA T'EJEJISA O HEIIOJIHOTE. Ecnu Teopus Ar" o - Henporu-
BOpeunBa, TO (GOPMyJBl V U —V He BHIBOAUMBI B Al
Jloxa3zaTenbCTBO CIeayeT U3 jJemMM 2 u 3.

O6o3naunM dyepe3 Th (U) wMHOXecTBO Bcex TNpeJIOKEHUH si3bika L,
UCTUHHBIX B Mojenu U, a depe3 [T]- MHOXECTBO Bcex TeopeM Teopud 1.

Teopuss T noana omnocumenvno mooeau U, ecau [T] = Th (V).

Yepes ® o0003HaYUM DIIEMEHTAPHYIO  apU(PMETUKY, €€ Ha3bIBalOT
cTaHJapTHOH Mojenbio Ar',
TEOPEMA. Eciu Ar’ o - HENpOTUBOPEUMBA, TO OHA CYIIECTBEHHO HENOJHA
OTHOCHUTEIIFHO MOJETH (.
HokazatenbcTBo. PopMysa v UCTUHHA B CTaHAAPTHOM MOJEIU ®, HO
He BbIBogMMa B Ar’, T.e. Ar’ HemojHa OTHOCHTEIBLHO MOJCITH (.
Paccmorpum Teoputo T = Ar'u{—v}. Teopus T HenpoTUBOpeunBa, TAK Kak
B MPOTUBHOM cilydae Ar'|-v, uro HeBo3MoxHO. Takum obpazom, T |- —
Prf (m, [v]) s mroGoro HatypambHoro unciaa m, u T |- 3y Prf (y,[v]) ( T.x.
—v <> 3y Pri(y, [V]),
T.e. | ®-IPOTHUBOPEYMBA.

[TokaxkeM, 4YTO HENb3s JI0KAa3aTh HEMPOTHBOPEUMBOCTH TEOPUU

TOJBKO CPEACTBAMU CaMOM 3TOM TEOPHHU.

Paccmotpum 3amkHyTyi0 dopmyay Con=Vy — Prf (y, [0=S(0)])
(rme Ar" |- —[0=S(0)]), yTBep:knaroollyl HENPOTHBOPEYUBOCTL Teopuu Ar’.
BTOPASI TEOPEMA TEJEJISL. Eciu Teopuss Ar’ HenmpoTHBOpEuHBa, TO
ue (Ar" |- Con).

CHauaja JOKaKeM BCIIOMOTATeIbHBIC YTBEPIKICHHUS.
YTBEPXXJIEHME 1. Ar' |- Con — — Pr[v].
JNoka3aTenbCTBO CIEAYET U3 JIEMMBI 2.
VTBEPXJIEHUE 2. -3y PRF (y, v(v)) = (Ar" - HenpoTtusope4nsa).
HNoxaszatenbcTBO. Ilycth Bepuo — 3y PRF (y, v (v)) .Jdomyctum
nporusHoe . Ar’ mpotusopeunsa. Torma B Ar' BeiBoguMa mobas  (opmyia,
B yacTHOCTH, U (opmyna v. Ilycts D ecTh BbIBOA (opMynsl v B Ar’, Torna
uctuaHo PRF(y(D), y(v)), cinenosarensno, Iy PRF(Y,y(v)), uto npoTuBOpeUHT
YCIIOBHIO.
VYTBEPXJIEHUE 3. Ar' |- -3y Prf(y, [v])— Con.
YTBEPXJEHHUE 4. Ar" |- v = Con.
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Jloka3aTelnbCTBO 6mopou meopemvl leodens o HenonHome CHEAYET U3
yTBEPKJIeHUS 4 U JIEeMMBI 2.

Ynpaorcnenue

1. Jloka3aTh, 4TO W3 YCJIOBHS JIEMMBI | HEe cileAyeT, 4To IJii CBOOOJHBIX Iie-
PEMEHHBIX Xy, ... X, UMeeT MecTo Ar" |-t ( Xy, ... Xn) =T (X1, ... X 1),
2. Jloka3arp, 4TO eciau Teopus | TmpoTuBopeunBa, To [ |- md
mo6oi popmynbr .
3. Hoka3zate yTtBepkaeHus 1-4 u3 maparpada 2.1.
4. Tlyctb @1 (21,22,X) 1 ©2(21,25,X) - BbrUEcIuMbie QyHKIUU. Jloka3aTh, 9TO
CYIICCTBYIOT MAIIMHBI €; M €, Takue, 4to {&}(X) = ¢i(er,e2,X) (i=1,2).
5. IlpuMeHUTh, METOJ HEHOJBMKHOW TOYKH, YTOOBI MPHIATH CMBICIT
pekypcuBHBIM mporpammam: f(Xy,...,Xn) =1 (f, Xg,...,Xp), TA€ T - BeIpakeHUE
HEKOTOpPOTo s3bIKa nporpammupoBanus L u f— QyHKIMOHANBHBIA CHMBOJL.

2.2. PazpemimMocTh U Hepa3pemiuMocTh (GopMaIbHBIX CHCTEM

AkcuoMarnueckass  (opManibHas cuctemMa | paspewuma, €CId TIO
mobomy BblpaxkeHuto @ uz T MoxHO >ddexTuBHO Yy3HATH, sBIsiercs O
TeopeMoil (BBIBOAMMA B T ) WM HET.

B cunmy Tesuca  Yepua  BONIpOC O pa3pelIMMOCTA HWCYUCIICHUS,
JNOMYCKAIOMIEro TeAeNN3alfio, CBOOUTCA K BONPOCY O PEKYpPCHUBHOCTHU
MHOXXECTBA TeJCJIEBBIX HOMEPOB TEOpEM Teopuu .

[IpuBeneM HeoOXOIMMBIE CBEJACHHUS M3 TEOPUU AJITOPUTMOB.

MuoxectBa Ay, A1 < N Ha3BIBAIOTCS pexkypcusHo OmoeiumviMu, €CIu
CYIIECTBYIOT PEKYPCHUBHO IMepeuuciuMble MHOXectBa By m B;, Takme, uto
Aog Bo, Alg Bl; BoﬁBlzg, B()UB]_:N.

YTBEPXJIEHUE. Ecnu MuoxectBa Ay, A; PEKypCHUBHO HEOTIACIMMBI U HE
NIEPECEKalOTCsl, TO OHU HEPEKYPCUBHBI.
Hanomuaum, uro mpemumkar T, (€, X1,...Xn Z) = @ ¢ (Xq,...,.Xy ) = Z.
Bo3pMeMm 11Ba MPUMHUTHBHO PEKYPCHUBHBIX MpeauKarta :
Wo(X,y) = T (r(x), X,¥) A Vz<y =T, (I(X), %, 2),
Wi(x,y) = To (1(X), X y) A Vz<y =Ty (r(x),x z).
OnpenenuM ABa PEKYPCUBHO TMEPEYUCIUMBIX MHOXKECTBA!
Vo ={X; 3y Wo (X,y)}, Vi={x; 3y Wi (X,y) }.
TEOPEMA. PekypcuBHO niepeunciinmbie MHOXKeCTBa Vo, Vi He mepecekaroTcs
U SIBIIAIOTCA PEKYPCUBHO HEOTICITUMBIMHU.
HokazartenbcTBO. Jonyctum, uto VoV uw X € Vogn V..
ITo omnpenenennto MHOXkecTB Vo, Vi, Halgyrcs Yo, Y1, Takude, 4YTO
Wo (X, Yo), Wi(X, y1), Te.
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(1) Tl(r(X),X,yo) & VZSy —|T1(|(X),X,Z)

(2) Te(lx), X, y1) & Vzy =Ty (r(x), X z).
Otcroma mmeeMm : Yo <Y1 uW Y; <YYo, HUYTO JaeT NPOTUBOpeUHe. TaKum
obpazom, VonV; = O.

Jlmst  nmokasaTenhCTBA  BTOPOM  YacTH  YTBEPXKIACHHUS  JOIMYCTHUM, YTO

CYIIIECTBYIOT PEKYPCHUBHO IEpeurciuMble MHOXecTBa By, B; Takue, uto
Vo € By, Vi € By, By "By = . Ilokaxem, uto By u B; # N.
ITycte Bg = Val @ o, B1= Val oy
m =c(mg, m,). Jlokaxkem, uto m ¢ By u m ¢ B;.
Jlomyctum, uto M € By, Torma m € Val ¢ mo, 1.e. Ay Ty (Mg, My, y) wim
Ay T, (I(m),m,y). Tx. meBy u BpnB; =, To mgB;, Te.
me Val ¢p1, Te. =3y Ty (Mg, my) mwm —3y Ty (r(m), my). Takum
oopaszom, mmeem: Yy (T (I (m)m,y) A Vz<y —=T;(r(m)m,2z)), To
€CTh
Jy W; (m)y), caenoBarenbHo, Me B;, 4YTO OgHAKO MPOTHBOPEUUT
TOMY, 4TO me¢ B;. Takum oOpazom, m ¢ By. AHamoruuno
JOKa3pIBaeTCs, 4To M ¢ B;. PexypcuBHas HEOTAEITMMOCTH MHOYKECTB
Vo, V1 IokazaHa.
TEOPEMA. Muoxectea [Ar]° u [Ar]' Bcex HOMEpOB, BBIBOAMMBIX H,

COOTBETCTBEHHO,  OINPOBEPKUMBIX  TPEAJIOKECHUM Ar’ | pexypcuBHO
HEOTAEINMBI.

JokaszartenscTBoO Kak B mnpempiayued TeopeMe, pacCMOTPUM
NPUMUTHBHO pekypcuBHble  mpemukatel Wy (X, y) , Wi (X, Y). Onu

npenactaBnsiorcas B Ar' apudmernyeckumu  GOpMyJiaMH, KOTOpHIE MbI
Oymem Takke o0Oo3Hauath kKak Wo(X,y) u Wy(X,y) . MuoxectBa Vy,V; He
nepecekarorcsa, T.e. Ar' -3y Wi (X, y) > -3y Wy (X, y). O603Hauum uepes
B(X) =3y W, (X,y). Ecnu m € Vo, To cylmecTByeT HarypajibHOEe 4YHCIO K
takoe, uto Wy (M, k), ortkyma Ar' |- Wy (m, k), t.e. Arf|-3y W, (m,Yy),
wm Ar' |- B(m). 3maunr, v (B (M)) e [Ar]%

Io Teopeme o nexykiun : meVy — v (B(m)) € [Ar']°.

[Tycte Temepr M € Vi, TOrja CyIIeCTBYET HATypajibHOE 4YHCIO K Takoe, 4To
W, (m, k), orkyma Ar" |-W;(m, k), te. Ar' -3yW,;(m,y). Tak xak
Art -3y Wi (X, y) - -3yWe(X,y), To Ar" |--3yW,(m,y), Te.

Arf |-—B(m) u B(m)e[Ar ]"

Takum obpazom, m € Vi — v (B(m)) € [Ar']".

JIomyCcTUM TNPOTHUBHOE, - MHOXKecTBa [Ar °, AT PEKYPCUBHO
otnenuMbl ¥ By, By -pekypcuBHO oTmensioT MHOXkecTBa [Ar’ 1° [Ar ],
T.e. By, B; pexypcuBHO mepeunciumble MuOkectBa u  [Ar]° < By,

[Al‘+ ]1 c By, Bo nB; = &, ByuB;= N Onpenenum pexKypcUBHO
nepeunciuMbie MHOXecTBa B = {m; v (B(m)) € B; } (i=1,2).
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W3 mpeppiaymero umeem : V; C B, (i=1,2) wu B "B, = &, B, uB;, =
N. Takum o6pazom, ™MHOXkecTBa Vy , Vi PEKYPCHBHO OTACIMMBI, YTO HE
BEPHO.

TEOPEMA (O uepaspewumocmu). Ecmu T HenmpoTHBOpeunBasi T€Opusi B S3BIKE
Ar, B KOTOPOW BBIBOAVMMBI BCE HEJIOTHYECKHUE AKCUOMBI Ar, torma T
Hepa3penmma.

JokaszarTeuabcTBs o Ouesugro, aro [T]° < [Ar]’. Beumy
HEMPOTUBOPEYMBOCTU T, [TI° n [Arf]" =O. Ecm 661 Teopusi | Obula
pa3pemmmMon, T0O MHOKECTBO [T° Gbuo GbI PEKYypCUBHBIM, HO TOrJa H
muoxkectBo N\ [T]° Gbuio 651 pekypcuBHbIM. Ho Torma MmHoOXkecTBa [TI° u
N\ [T]° ormemsor MuOxkectBa  [Ar]°  m  [Ar]h uro MIPOTUBOPEUUT
PEKYPCUBHOM HEOTACIMMOCTA MHOYECTB [ArJ']0 151 [Ar+]1.

Caencreue 1. Eciu Ar’ menpoTtupopeuwBas —Teopus, To Ar’ -
Hepaspernmmas TCOpHSI.

CJIEACTBME 2. Bce mnpeaplaylipue pedysbTaThl pPacHpOCTPAHSAIOTCA Ha
Teopun T, obOnamaroniue ClAEAYIONMMU JIBYMS CBOMCTBAMH :

1. Teopus T akcuomaTuzupyemMa U TeAeIU3UpyeMa.

2. Teopus T comepxkut apupmeruky Ar" .

OtuMu  cBoMcTBaMu 00JIamal0T, B 4aCTHOCTH, Teopuu A, Art, ZF
(axcuomaTuyeckas TEOpHUsl  MHOXKECTB), TaKk 4YTO TMpPU YCIOBUU HUX
HEMPOTUBOPEYMBOCTH OHHM HEMOJHBI M HEpa3pelinMbl, a MHOXECTBa UX
BBIBOJIMMBIX M OMPOBEPKUMBIX MPEIJIOKEHUN PEKYPCUBHO HEOTACIIUMBI.
TEOPEMA(O Hnepaspewumocmu  ucuucienuss npeouxamos). MHO0K€eCTBO
TEOpeM
WCYHUCIICHHS TPEIUKATOB HE PEKYPCUBHO.

JJoka3zaTenabcTBO. A3BIK UCUUCICHUS NPEIUKATOB COACPKUTCA B A,
Honyctum, uro MHOXkecTBO Teopem UII pexkypcuBnOo. Torma cymecTByer
obmepekypcuBHas ¢ynknus f Ttakas, uro f(y(B)) =0« |- B, mus
npousBosibHON (Gopmyisl B. Ilycts Ar ™ - mpousBodbHBIN (pparMeHT A,
coJiepKalluii JUIIL KOHEYHOE YWCIIO HEJOTUYECKUX akcuoMm u3 A,
KOHBIOHKITUIO KOTOpPBIX 0003HaunM (opmynont A. Onpenennm
oOriepekypcuBHy0 (GyHKIHIO h :

h(X) =0 <> “X ecth T.H. HeKoTOpOW Gopmyinbl B s3pika Ar u f (y(A—B))=0".
Torma h (y(B)) =0 «< Ar " |- B wu Tteopus Ar =~ paspemmuma, 4YTO
NPOTHBOPEYUT HEPa3PelIMMOCTH Teopun Ar’ .

Ynpaorcnenue
1. Jloka3arp yTBepkiaeHue u3 mnaparpada 2.2.
2. Jloxazath, 4TO ecid MHOXecTBa Ao, A; — pEKypCUBHO OTAEIUMBbI
u AN A=, To Ay, Aj— HE PEKYpPCUBHBI.
3. Jlokasath cnencTsus | 12 Teopembl 0 HepaspemmmocTd aas Ar u Ar'
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IFmaBa 3

CJIO’KHOCTh BBIYMCJEHUI

B peanpHBIX BBIUHCICHHUSX BaXHO HE TOJBKO TO, 4YTO (PYHKITUS
BBIUMCIIMMA HMMEETCS BBIUMCIHIIONIAs €€ Mpoueaypa), HO  HE  MEHee
CYLLIECTBEHHO — KaKOBa
€€ CJI0KHOCTh BBIYHMCIICHHS (3aBHCSINAsi OT BHYTPEHHEW CIIO)KHOCTH (DYHKITUH,
a TaKke — MOXHO JIM HAWTH  HAWIy4dllyl0 OporpamMmy  JJisi €€
BBIYUCIICHUS. OTU BOIMPOCHI OTHOCSITCS K TEOPUU CIOKHOCTH BBIYMCIICHHIA.

Teopema bmoma 00  yCKOpEHMH  TOKa3bIBa€T, UYTO  CYIIECTBYIOT
BBIUKCIIMMbIE (YHKIIMM, HE HUMeIIue ‘“‘Hawiydmied mporpammbl”’. Ho ectb
Kjacc (YHKIMMA, Ui KOTOPBIX CYIIECTBYET OBICTpPO paboTaroiias IMporpamma,
BBIYHCIIAIONIAS (PYHKIUIO, COBMAJAIONIYI0O C JAaHHOW IMOYTH BCIOAY.

3.1. MepsblI CJI0:KHOCTH

Mepoii CIIO)KHOCTH MOXET OBITh  BpeMsl BBIUYMCIICHUS, YHCJIO MIaroB
MamuHbl  ThlopuHra, aiuMHa  paboyedd  JIEHThl ~ MallMHbBl  [hIOpHHra,
UCTIOJIb30BAHHOW B BBIYMCIICHUHU, U JP.

Mepoii eviuuciumenbHol ClOMCHOCMUY HA3BIBAIOT CeMENUCTBO (yHKUUNA D
CO CJIEAYIOINMHU CBOMCTBAMHU :

(1) Arg(®e) = Arg(ge),

(2) npemaukar ®¢(X) =y paspemmm.

CemeiictBo BpeMeHHbIX GyHkumit t(X) = pt {P(X)¥ 3a t maro} sBmsercs
IPUMEPOM BBIUUCIUTEILHONW CIIOKHOCTH.
JIEMMA. (1) Argt, = Arg @, mis Bcex N, €.

(2) Ipenukar t(X) =t paspermmm.

[Mpenukat P(N) evinonnsemcs noumu Ons écex N, WM nowmu 6coody (n.8.),
ecmu P(n) BemonHsiercs s Bcex NeN, KpomMe KOHEYHOTO MHOXKECTBA
HATypaJbHBIX YHCEN, T.€. dNg VN >Ny P(n).

TEOPEMA 1. Ilycte g — ToTasibHass BblunciuMas (yskuusa. CymiecTByer
ToTanbHas BeraucnuMmas (GyHkiws f= @, npuHuMaromas toineko 3HaueHus 0 u
1, Takas, uto ts(n)>g(n) ..

JloxaszatenbcTBO. Mbl XOTUM HMeTh cieayromee. ecau tj(m) < g(m)
st OeckoHeYHO MHOTUX M, To f oTnmuuaercs or ¢ xoTs OBl B OJHOM U3
stux 3HaueHwit. Onpenerum T pekypcueit: mycte  (0), f(1),...,f(n-1) yxe
ompenenenbl, Torga ecau 1p,= W {1<N&i#lg,... I &ti(n)<g(n)} u @i,
(n) =0, To f(n) =1, B mpotuHOM cirydae f(n) =0.
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[Tockonmbky mpoBepka otHomeHus tj(n) < g(n) «>3y<g(n) (ti(n)zy) >ddexrupHa,
to ¢yukuus f(n) pexypcuna. f(n) = @; (N) u e #1i, mokaxkeMm, 4TO eciu
ti(m) < g(m) mis OGeckoHEWHO MHOTHUX M, TO | =1, JUIsI HEKOTOpOro N,Ciemno-
BaTEJIbHO, |# €. DTOro A0CTaTOYHO, 4TOOBI JOKa3arh, 4To t, (M)>g(m) m.B.
[ycts ti(m) < g(m) m.B.; momoxum P = 1+ max{k; i & i<i},p=0-8
OpOTHBHOM city4ae. Bo3zeMem N, takoe, uto N>1 u ti(n) < g(n).

Ecim i1 =1y mna Hekoroporo K <n, To Bce mokaszano. Ecimm 1#1y mma Bcex
k<n, To i #lp,...,ipq u tj(N)<g(n). Takum 00pa3oM, MO ONMPEACICHHIO I :
i 4 i <i. Ho MOCKOJIBKY N> P, TO i,>1. CienoBarensHo, 1=1Iy,.

3.2. Teopema 00 yckopeHuM

[lyctb P u Q - mporpammbl Juis BBIYHCICHUS TOTanbHOW (yHKIMU f,
takue, 4to K to (X) < tp (X) mns Bcex X. Torma mporpamma Q B K pa3
ObicTpee (myuuie) mporpammsl P.

Teopema 00 yCKOpeHMHM TOBOPUT, YTO cymecTByeT ¢yHkuus f, mns
KOTOpPOM HE CYHIECTBYET HaWJydlled MNporpaMMbl T.K. JIFOOYIO €€ Iporpammy
MOJKHO YJIYYIIUTh, YCKOPHB Ha JI000H (BBIYMUCIUMBINA) MHOXKHUTEIb.

B Teopeme o nceBnoyckopenun He Tpedyerca Haiftu @ (X) = f(X) nms Beex X.
TEOPEMA 2 (O ncesdoyckopenuu). IlycTh I TOTalbHas  BBIYHCIMMAS
¢ynkus. CymecTByer ToTaibHas BblumciuMas (yskius f, Takas, dro o
000l maHHOW BhumMcisiromed f mporpamme P; MOXKHO HaWTH  Takyro
nporpammy Pj, 4To:

a) @;— ToTtanbHas BbluuciauMas ¢yHkuus U @;(X) = f(X) m.s.,

b) 1(t; () <t: () .

Hoxa3zaTtenbcTBO. 1) Pe(UX) = @ seu(X) (S-M-n - Teopema).
2) g u(X) =@¢ (U,X) (Teopema 00 yHUBEpCATHHON (PYHKIINH).

3) Ctpoum f co crieayromuMu CBOWCTBAMH :

a) go=T,

D) gy (X) =go(x) m.B.,

c) ecmu f= @i, T0 mus ¢+ HalimeTes J, Takoe, uro r(tj(X)) < ti(x) m.B.

(mocraTouno B3saTH | = S(e,i+1)).

4) dukcupyeM U W CTPOMM ( pEKypcHeH To X:

[TocTtpoum BcmoMorarenbHble MHOXKeCTBa C,x (BBIYEPKHYTHIX HHJIEKCOB):
nycts g(u,0), g(u,1),...,9(u,x-1), Cyo, Cu1,...,Cux1 YK€ oIpenesneHsl, Toraa
Cux = {i; USi<x & ig U Cyy & ti(X) <I(tseivn) (X))}, €CTH tyejunyd u1st U < i<X;
Cux= & mna X < U.

Torma g(u,x) = 1+max {@; (X); i € Cyux}, ecmu Cyyd.
[To crneactButo u3 BTOpOi Teopembl pekypcuu, g(Uu,X) = e (U,x), Je.
5) IMokaxem, uro g(u,X) = @¢ (U,X) YIOBICTBOPSICT TPeOOBAHUSIM U3 11.3:
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(1) 9(u,X) — TotanpHas GyHKIMS: TSI (PUKCHPOBAHHOTO X

u u>x wmmeeM Cux=O, te. g(ux) =1,

s U < X, mokaxeM, 4to g(u,X)¥: momycrnm, uro g(x,x), g(x-1,X),...,g(u+1,x)
ompezieNneHbl, TOraa @ sex(X), @ sex1)(X)s-.os @ seur1)(X) ompenenens,
CJIEOBATEIILHO, U ts(e’i+1)\l/ it U<i<x. Orcroma Cyx I te. g(u,x)i«, Y.T.]I.
(2) 94 (X) =9g(u,X) = @e(U,X) = Ps(e,y (X) 1 mpoBepuM CBOICTBaA a)-C):

(@dnsa f=go dyakuus f ToranpHa, .T..

(b) ®ukcupyem U um mokaxkem, uro ¢(0,X) m g(U,X) OTIMYAIOTCS TOJBKO
Ha KOHCYHOM MHOXeCTBe Touek X. Ilo moctpoenuio mHoxkectBa C,y SICHO,
gro st Beskoro X, Cyuyx = Cox M {u,u+l,..., X-1}. Tak kak Bce MHOXKECTBa
Cox TOmapHO He mepecekaroTcs, To cymiectByer V = max {X; Ji<ui eCyy}.
Hus x >v, mmeem Coy < {u,u+l,...,x-1}, cnemoBarenpHo, Coyx = Cyy, T.C.
g(0,x) =g(u,x) mma x>v. Takum oGpa3om, Jo (X) =gy (X) m.B.

(c) Iycts f=0q; & j=5s(e,i+l), Torma @j= @ seis)=Jis1 U
r(tj (X)) = r(t seisny(X)) > ti (X) g Bcex X>i, B MPOTUBHOM CIIy4ae -
X>1&1 € Cyy u Torma g(0,x) # @ (X), 4To O3HAYACT MPOTUBOpPECUHE.

3amMeTHM, 4YTO TEopeMa O TICEeBIOYyCKOpeHUu »d(PQPeKkTuBHA: 1O JTaHHOU
nporpamme P gns T MoxkHO 3((deKkTHBHO HAWTH Jpyryr0 MOporpammy,
KoTopas BerumciseT f m.B. u 1m.B. ObicTpee, uem P.

TEOPEMA 3 (06 ycrkopenuu). TlycTh I ToTajdbHas BbIYMCIUMAs (YHKIIHS.
CymectByeT ToTaibHas Berauciumas (yakus f, Takas, 4to, i BCSKOM
nporpammbl Pj, Beuucisomeit f, cymecrsyer npyras nporpamma Py mms
BerunciacHus f, mis xotopoit r(ty (X)) <t (X) m.B.
JlokazaTeabcTBO. be3 morepu OOUIHOCTH MOXKHO CUUTATh, UTO
GyHKUMA ' BO3pacTaromas.
I[To Teopeme 2, cymiecTByeT ToTaibHas BblumcimMmas Qynkius f, rme Pj -
Beruncistomas f mporpamma, n Hailimercs mporpamma Pj, Takas, uTo
a) ¢j—TotanpHas U @ (X) = f(X) m.B.;
b) r(tj (X) + X) <t (X) I1.B.
Hns storo B ompenenenun C,y 3ameHuM HepaBeHCTBA I(X) < I(t e ir1)(X))
Ha [(X) < r(tgeis(X) + X). TlokaxkeM, 9TO HONy4EeHHAs TaKUM 0Opa3oM
¢yukuus f ynoBneTBopsier TpeOyeMbIM YCIOBHSIM.
[To ycmosuro f = @; w | ynoenerBopsier ycioBusm a) u b). M3menum
nporpam
My Pj, 4ro0bl momyunTth mporpammy Pjx ,Takyo,uto Pj (X) = f(X) mis Bcex
X.
[Iycts @; (M) = f(m) mis Bcex m>v & f(m) = by, o m <v. U3menum P,
TIOMECTHB B HAyYaJo MPOrpaMMbl HEKOTOPbIE KOMaHJbI, 3aJar0llue 3HAYCHHUSI
f g m<v, kak nokazaHo Ha OJIOK-CXEME:

80



Hauano

I nma
rn=0 — ri:=by —
merd ma !
rn=1 — r:= b1 —> \L
HeTY \2
[ ] [ ]
[ ] [ ]
[ ] [ ]
merd  ma !
=V — 1. = bv —> \L
Hetd
P; Ocranos

OueBunHo, uto Pj» (X) = f(X) mma Bcex X, m Haiinercss C, Takoe, 4TO
tix (X) <t (X)+C mmst Bcex X. BBumy Toro, uto ¢yHKImsS I BO3pacTaer:
r(tx (X)) < r(t(x)+c) <r(tj(x)+x) (amst Bcex X =c) < tj(X) m.B.

Jna K =j* teopema nokaszana.

TeopemMa 00 yCKOpPEHHH SIBJIICTCS CEPbE3HBIM MPEIMATCTBHEM OIPEICICHUS
BHYTPECHHEH ClI0XHOCTH (QyHKIMU f, KOTOpyrO Henb3si TakuMm oO0Opa3oM ompe-
JEeIUTh, KaK CII0KHOCTh BBIYHMC/ISIONICH €€ MPOrpaMMbl, MOCKOJBKY IS HEKO-
Topeix (QyHkmii f He cymecTByer Hamaydmied mporpamMmbl (HITH
OBICTpEidIlIe- IEr0 aJropUuTMa).

3.3. Kiacebl ¢JI0KHOCTH. DjeMeHTapHble (YHKIUH

Knacc croscnocmu TotanpHOi BhrYMCIMMON ¢GyHkimu f ompemenum  kak
Gp = {pe @e—ToTampHast & te¢(X) <b(X) m.B.}.
TEOPEMA 4 (O npob6enax). Ilycte I ToTambHas BeMUCIUMAs (QYHKIUS, UIS
KoTOpoi r(X) > X mis Bcex X. Torga cymecTByeT TOTallbHAs BBIYMCIUMAS
dyuxumst T, Takas, gro @) Ve (X e & t(X)¥ & to(X) > f(X) = to(X) > r(f(X));
b) Gf = Grof.
JokxaszaTeascTso. Onpeaenum mocienoBareabHOCTh yncen Ko<k <...<K,
tak, 4to Ko = 0; Kisgx = r(k)+1l (i < X). PaccMoTpuM HemepeceKaromuecs
uatepBanbl [Ki, (k)] mist 0 <i<Xx. CymecrByer (X +1) Takux HHTEPBAJIOB,
3HAYUT MO KpallHEeW Mepe OJMH M3 HHUX HE COJCPKUT HU OgHOro umcia te(X)
it € < X, IOCKOJIbKY ONpeAeNieH0 He 0Oojee YeM X TakuxX 4YHCed.
Omnpenenum Iy = pi (te(x) ¢ [Ki, r(k)]) mis Bcex e <X, u momoxum F(X) =K;.
[To Tesucy Yepua dbynkums f(X)- Bbrumciumas dynkius. [Tpeanonaoxum, uto
X>e &t (X) >f(x), Torma t.(X) ¢ [f(x), r(f(x))], cnemoBarensHo, t,(X) > r(f(x)).
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Hokaxxem myHKT b): Ilycts Gf < Gyos . Ecmum g¢ Grg\ Gf, To g BbIUMCIEMA
nporpammoit Pe C t. (X) < r(f(x)) m.B. Omnako te (X) > (f(X)) m.B. (uHaue geGy),
9T0 mpoTUBOpeunT a). Takum obpaszom, G ¢ = G, .

B TepMuHax BpeMEHHOW CIIOKHOCTH OYCHBb MPOCTO MOXKET OBITh OXapak-
TEPHU30BaH KIIACC BCEX BBIUYUCIUMBIX, (DYHKIIHA, MMOJYYAIOUIMXCS C TIOMOIIBIO
OOBIYHBIX APUPMETHYECKUX OIEpPaIUil.

Knacc 3 onemenmapnvix @yukyuti SBISETCS HaUMEHBIIMM  KJIaccoM,
TaKAM, YTO:

(i) ¢ysxmum x+1, Ui" (1<i<n), X oy, X+y, Xy Bxogar B J;
(i) xmacc I 3aMKHYT OTHOCHTEIBHO CYIICPIIO3HIIHH;
(ili) xmacc T 3aMKHYT OTHOCHTEIBHO OIEpAIii OTPaHUYCHHOTO
CYMMUPOBaHHUSI
U OTPAaHHYCHHOTO YMHOXCHUSI.

OnemenmapHuwil npeoukam  (MHO#Cecmeo) uMeeT 3JIEMEHTAPHYIO
XapaKTEPUCTHUECKYIO (PYHKITHIO.

JIEMMA. Knacc 3 3aMKHYT OTHOCHUTEIIBHO OTPAaHMYEHHOIO [l - OIIEpaTopa,
omepauuii —, &,V ¥ OrPAaHUYEHHBIX KBAaHTOPOB VZ<y, 3z<Yy.
TEOPEMA 5. Knacc 3 3aMKHYT OTHOCHTEJIBHO TNPUMUTUBHOW  PEKypCHH,
ecnu ompenaeisiemMas (YHKIUS SJIEMEHTapHO OTpaHUYCHA.
HoxkaszatenwbcTBO. Ilycte f(Xy,....X 1), 9(X1,....X 1, Y, Z) — T1PD,

h (X,...,xn, 0)  =F(Xg,....x 1)

h (X,....Xn, Y+1) =9(X1,....X n, ¥, h (Xg,...,x n,Y))
U cymectByer ¢yHkmus b, Ttakas, dro h(Xs,....X . Y) < b(Xy,....X nYy) mis
BCEX
X1ye. o X n, V. Homoxum s = 2M%0 3h D | p hy) = TT p hx2) < TT p 22 = (x y),
rae K(X,y) — anementapuas ¢ynkius. Torma

h(x,y) =[rs <k(xy) ((s)1 = f(x) &Vz<y ((S) z+2 =9 (X, Z(8) z41) ) )] y+1,
OTKyla CIeayeT 3JIEMEHTapHOCTh (GyHKmuu .
CJHEACTBHUE 1. Ilpenukar T ,(eX,...,.Xn, Y) HOopMmanbHOW (opmbl Kinan
DIIEMEHTApPEH.

CIEICTBHUE 2. a) ITyctb b(Xy,...,X 1) —31eMeHTapHas QyHKLHSA, @ ¢ (X1,...,X n)
TOTalbHAs BhIYMCIUMAs (QyHKUMA, Takas, 9To te(Xy,...,.X n)<b(Xy,...X ) ILB.,

TOrAA @ ¢ (X1,...,X n) — DJIEMEHTApHAs (QYHKIHSA.

b) Ecmu b(Xy,...,Xn) — 2nemMeHTapHas Gynknus, Toraa Gp < G.
22

OGosuaunm wucno 2° gepes by(z), rme bo(z)= 2z, bi(z) =27,

b
br+1(2)=2 @ OueBuaHo, uto b (z) - BOo3pacratomas [1PO.

82



TEOPEMA 6. Ecmu f((Xy,...,X n) — 21neMenTapHas (QyHKIHS, TO HAWAETCA YHMCIIO
K, Takoe, uT0 M Bcex Xi,...,.Xn f((Xy,....X n) <0 (Max (Xy,....X n)).

)2
CJIEACTBHUE. Oynxuus f(z) = 2% . [IP®, HO He »reMeHTapHasl.
HNoxaszatenbctBo. T(z2)=9(z,2), tme

9(z,0) =z

g (zy+l) =29@Y  re g-—TIIPD.
Tak kak, C ogHoi ctoponbl, (K+1) =b g (k+1) <b(k+1),

2k+l

a ¢ mpyroii - f(k+1) = g (k+1, k1) = 2 S &R = 227 —p (k+1)
I Kaxkaoro K, To mosydeHo MpoTHBOpEUHE.

DneMeHTapHble (YHKIUHA MOTYT OBITh BBIYHCICHBI 3a JJIEMEHTAPHOE BpPEMS.
TEOPEMA 7. Ecm ¢ysakmus  f (Xg,...,X ;) 2JeMeHTapHa, TO  CYIICCTBYET
Beruncisitomas f mporpamma P, takas, uro tp(Xy,...,.Xn) — 2/meMeHTapHa.

(be3 moka3aTennCTBA).

YnpaxxHenue

1. Jloka3aTh, UYTO HENB3s YCHJIMTH TeopeMy | Tak, 4TOOBI HEPaBEHCTBO
ti(n) >Db(n) BemoaHsUIOCH AN BCex N.

2. JlokaszaTh, YTO HEJB3SA YCHIUTh TCOPEMY 3, 3aMEHHUB YCIIOBHE
“rite(x)) <tijy(x) mB.” HA “T(tx (X)) < ti(X) ma Bcex X “.
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